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Abstract
Bayesian cognitive modeling has become a prominent tool for the cognitive sciences aiming at a deeper understanding of
the human mind and applications in cognitive systems, e.g., humanoid or wearable robotics. Such approaches can capture
human behavior adequately with a focus on the crossmodal processing of sensory information. The rubber foot illusion is a
paradigm in which such integration is relevant. After experimental stimulation, many participants perceive their real limb
closer to an artificial replicate than it actually is. A measurable effect of this recalibration on localization is called the proprioceptive drift. We investigate whether the Bayesian causal inference model can estimate the proprioceptive drift observed
in empirical studies. Moreover, we juxtapose two models employing informed prior distributions on limb location against an
existing model assuming uniform prior distribution. The model involving empirically informed prior information yields better predictions of the proprioceptive drift regarding the rubber foot illusion when evaluated with separate experimental data.
Contrary, the uniform model produces implausibly narrow position estimates that seem due to the precision ratio between
the contributing sensory channels. We conclude that an informed prior on limb localization is a plausible and necessary
modification to the Bayesian causal inference model when applied to limb illusions. Future research could overcome the
remaining discrepancy between model predictions and empirical observation by investigating the changes in sensory precision as a function of distance between the eyes and respective limbs.
Keywords Rubber foot illusion · Bayesian inference · Crossmodal integration · Cognitive modeling
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In the last decade, Bayesian modeling of cognitive processes has gained momentum in the cognitive sciences
(Hahn 2014). It provides a computational method to handle
uncertainty when researching human decision-making and
crossmodal integration, leading some researchers to the conclusion that one can even consider the brain to be a Bayesian
inference machine (Dayan et al. 1995; Doya 2011).
Several psychological processes like vision (Weiss et al.
2002), language acquisition (Xu and Tenenbaum 2007), and
crossmodal sensory integration (Deneve and Pouget 2004;
Körding et al. 2007; Orbán and Wolpert 2011) have been
hypothesized to follow Bayesian principles. In crossmodal
integration, it is promising to consider the different noise
levels of sensory modalities as uncertain input of a Bayesian cognitive model. Consider studying the precision of
the sensorimotor system with regards to a person moving
their arm to pick up a glass of water: they might include
uncertain sensory information of the exact position of the
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glass, gathered by the visual system, and the position of their
arm conveyed by proprioception. They also have uncertain
knowledge about the size and weight of the glass. The force
the person chooses to pick up the glass might now be the
best estimate resulting from an inference process in which
they use their prior knowledge about the usual weight of a
glass full of water with the likelihood of the glass being that
heavy (given the amount of water in it, the size of the glass,
etc). Bayesian inference describes the way to optimally
combine prior knowledge and current sensory information
in order to reduce the uncertainty involved in the decisionmaking process and arrive at a posterior estimate. There is
a lively debate in the cognitive sciences on whether such
ideal observer models (Daunizeau et al. 2010) adequately
capture human behavior in a given task and how much
explanatory value is provided if they do. Yet, the paradigm
provides some face validity regarding why we might have a
harder time estimating the appropriate force to use on a nontransparent box of milk than we do on a transparent glass of
water: we might be more uncertain about the amount of milk
inside the box since we cannot estimate it visually. Moreover, such formalized models of human cognitive behavior
are of high interest in robotics research to endow robots with
more human-like behaviors and capabilities (Schürmann
et al. 2019).
The rubber hand illusion (RHI) describes the illusion of
owning and describing an artificial limb as part of one’s own
body schema. It has been extensively described and studied
in different sensorimotor, contextual and stimulation settings
and is also considered promising for assistive and rehabilitation robotics (Beckerle et al. 2017; Botvinick and Cohen
1998; Christ and Reiner 2014; Moseley et al. 2012). Ehrsson et al. (2008) were able to show that the RHI may enable
artificial prostheses being integrated into the body schema
of patients suffering from upper limb amputation. Moreover, human-in-the-loop experiments to explore rubber limb
illusions for the upper and lower limbs have been suggested
(Beckerle et al. 2016; Schürmann et al. 2015). Various factors such as anatomically plausible positioning or the color
of the artificial limb influence bodily illusions (Tsakiris and
Haggard 2005) and might be computationally predictable
by Bayesian inference. If an artificial hand in front of the
participant showed a different skin texture than their usual
skin texture, they may consider it less likely for said hand to
belong to them. Combining information about the artificial
hand and the experimental stimulation, one can apply the
Bayesian causal inference paradigm (Berniker and Kording
2011) to infer the probability of a common cause for the
sensations experienced during bodily illusions. For example,
even if the tactile stimulation of the real limb matches the
sensations, the participant sees being applied to the artificial
one, deviating color of the artificial limb might interfere with
the illusion. Similar inference processes appear plausible for
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other parameters of the RHI like distance between artificial
and real hand or delay between visual and tactile stimulation
during the experiment (Shimada et al. 2009). In fact, Samad
et al. (2015) presented a Bayesian causal inference model
for the RHI. It computes the likelihood of an artificial body
part belonging to oneself, given the distance from the real
body part and visuotactile delay. The goal of Samad et al.
(2015) was to compute participants’ self-reported limb positions posterior to stimulation, which is known as proprioceptive drift in the RHI literature and a parameter indicating
a successful illusion. While their results are qualitatively
consistent with empirical findings, proprioceptive drift is
overestimated. The reported mean proprioceptive drift of
roughly 17 cm is rather far from what is usually reported in
the RHI literature (Christ and Reiner 2014), which is also
mentioned by Samad et al. (2015).
While we assume that their computational approach
works for both the RFI and the RHI qualitatively, we will
outline adjustments to the model that we hypothesize will
improve quantitative fit. This article draws inspiration from
Samad et al. (2015) with regards to applying the paradigm
of Bayesian causal inference from the RHI to the RFI. While
Flögel et al. (2014) and others have already applied the idea
of the more commonly studied RHI to the feet empirically,
neither version of the illusion had been analyzed using a
computational model prior to Samad et al. (2015). They
point out that a RHI could reliably be reproduced by their
model through the combination of prior knowledge about
a limb’s location and visual, tactile, and proprioceptive
likelihoods, each represented with their individual levels
of sensory uncertainty. The model correctly predicted that
the illusion can occur without tactile stimulation present
and that the probability of occurrence is enhanced through
simultaneous brushing. Their model produces weighted
estimates of participants’ hand location, using both the
combination of visual and proprioceptive likelihood, and
each likelihood by itself. The sensory information was
weighted by how likely it seemed that it was generated by
a common cause, or two separate causes, respectively. For
example, if a visuotactile stimulation was occurring asynchronously, with temporally different applications of the
stimulation on the rubber hand and the participant’s hand,
a higher likelihood for separate causes of the sensation
would be inferred. This can be explained similarly to how
merely placing a rubber hand next to a hidden real hand
can induce the RHI: if their distance to one another was not
large enough, sensorimotor uncertainty would cause a proprioceptive drift to occur. If both rubber and real hand were
placed farther apart from each other, it would seem clearer
to the participant that their sensory information could not be
generated by the same cause, i.e., seeing one’s hand where
one felt it.
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While we hypothesize that the general model of Samad
et al. (2015) should account for both the RHI and the RFI and
is therefore transferrable, we argue that proprioceptive drift
overestimation might depend on the implementation of prior
knowledge. By employing a uniform distribution, Samad et al.
(2015) assume that every possible limb position in peri-personal space is equally plausible from a participant’s perspective. Uniform priors are common practice in Bayesian data
analysis (Kruschke et al. 2012), but as a quantification of prior
knowledge in cognitive modeling they need to be assessed
for plausibility from the perspective of the cognitive system.
It is likely that humans do not keep a uniform distribution of
where their limbs are in space, but rather update their localizations continuously while moving. Thus, we hypothesize that
an informed prior distribution, presuming earlier updating
processes up until the starting point of an experiment, can
place the most plausibility of an inferred limb location near its
actual location in peri-personal space. This article investigates
whether a contextually appropriate adjustment of the prior distribution leads to a more adequate prediction of proprioceptive
drift through the Bayesian causal inference model.

p(C = 1|𝜒v , 𝜒p , 𝜏v , 𝜏t ) =

• Likelihood of perceived visual information with respect

to localization p(𝜒v |X)

• Likelihood of perceived proprioceptive information

p(𝜒p |X)

• Likelihood of perceived visual information with respect

to tactile feedback p(𝜏v |T)

• Likelihood of perceived tactile information with respect

to tactile feedback p(𝜏t |T).

Xv and Xp denote the physical spatial positions (in cm)
of artificial and real limb, respectively, and Tv and Tt
serve to represent potential temporal deviations between
the sensory channels (in ms). The four corresponding
likelihoods are conditioned on the actual spatial and temporal values of X and T , respectively. Following Bayes’
Rule and adopting the equation and denotations of Samad
et al. (2015), Eq. 1 generates an estimate of the posterior
probability of a common cause with the given sensory
input:

p(𝜒v , 𝜒p , 𝜏v , 𝜏t |C = 1)p(C = 1)

p(𝜒v , 𝜒p , 𝜏v , 𝜏t |C = 1)p(C = 1) + p(𝜒v , 𝜒p , 𝜏v , 𝜏t |C = 2)(1 − p(C = 1))

Methods
In this section, we investigate the transferability of parameters applied by Samad et al. (2015) from the hands to the
feet while considering the higher distance between the eyes
and feet compared to the hands. We additionally describe
how two separate empirical data sets are employed to inform
and compare to our models.

Model parameters

The likelihood term for a common cause in Eq. 1, marginalized with respect to the physical values of X and T , is
calculated through Eq. 2. The equivalent for separate causes
is shown in Eq. 3.
p(𝜒v , 𝜒p , 𝜏v , 𝜏t |C = 1) =

• Prior probability of common cause/separate causes

p(C = 1)/ p(C = 2)

• Prior localization distribution p(X)
• Prior visuotactile distribution p(T)

∬

p(𝜒v , 𝜒p , 𝜏v , 𝜏t |X, T)p(X, T)dXdT

(2)

p(𝜒v , 𝜒p , 𝜏v , 𝜏t |C = 2)
=

Bayesian cognitive models, e.g., the applied causal inference
model, represent sensory information through probability
distributions. Standard deviations express uncertainty in the
perceived information: the larger the standard deviation, the
larger the associated uncertainty for a given value. While
some parameter values could be adopted from Samad et al.
(2015), it was necessary to account for the difference between
the RFI and RHI paradigms in others. The following parameters were included in the model, and their distributions are
considered to be Gaussian (parametrized by mean and standard deviation) except for the binary variable C.

(1)

∗

∬

(
)
p(𝜒v , 𝜏v |Xv , Tv )p Xv , Tv dXv dTv

∬

(

)

(3)

p(𝜒p , 𝜏t |Xp , Tt )p Xp , Tt dXp dTt

The variability of the visual system has been found to
translate to approximately 0.36 degrees (van Beers et al.
1998), or 1 mm for the distance between the participant’s
eyes and hands. Considering the larger distance between
eyes and feet, a higher uncertainty can be expected in case
of the RFI. Standard deviations of the temporal estimation
for visual and tactile information were both assumed to be
20 ms according to Hirsh and Sherrick (1961). Studies that
considered proprioceptive mapping of the hands found its
standard deviation to be 15 mm (Jones et al. 2010). Samad
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et al. (2015) used the parameter values described above for
likelihood
) ( ) ( of) incoming sensory information
( ) ( distributions
( p 𝜒v ; p 𝜒p ; p 𝜏v ; p 𝜏t ), combining them with uniform
prior distributions across a bounded area of peri-personal
space. This implies equal plausibility for every possible hand
location and visuotactile delay.
The likelihood of perceived
visual information with
( )
respect to localization p 𝜒v needed to be modified compared to Samad et al. (2015) because the distance between
the eyes and the limb has increased. Instead of 0.2°–0.6°
observed by van Beers et al. (1998), a degree of deviation
of at least 0.6 degrees is to be expected. Since there is no
experiment comparable to van Beers et al. (1998) regarding
the lower limbs to the best of our knowledge, we assume a
deviation of 0.6 degrees. Considering an average distance
of 112.5 cm, this results in a standard deviation of 1.2 cm
visual around a mean of 30 cm, i.e., the real position of the
rubber foot.
With regards to the parameter values for the proprioceptive likelihood distribution, we generalize from the RHI
values applied by Samad et al. (2015). This
( )means that the
proprioceptive likelihood distribution p 𝜒p has a mean of
50 cm and a standard deviation of 1.5 cm. In a synchronous condition, both( distributions
of temporal information
( )
)
(visual likelihood p 𝜏v and tactile likelihood p 𝜏t ) share
an arbitrary mean depending on the timing of the stimulus. Defining an interval of one second around the stimulus
application, we parametrized both distributions with a mean
of 500 ms and a standard deviation of 20 ms, again following
Samad et al. (2015). Participants should have no information
about when tactile stimulation occurs relative to the start of
the experimental stimulation (phase.
) The prior distribution
on visuotactile stimulation p 𝜏v was therefore left uninformed with a mean of 500 ms and a standard deviation of
10,000 ms. The prior probability of a common cause was
left uninformed at .50.
Following our hypothesis that an informed prior would
decrease overestimation of proprioceptive drift, we present
two options for informing the prior distribution:
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implementation would be to assume that each participant
represents their prior limb position at its physical location.
The conceptually informed model, however, ignores interindividual variance in pre-stimulation localization that can
be observed empirically by investigating the RFI (Christ
et al. 2013; Flögel et al. 2015). To consider such variance,
the empirically informed model relies on an informing dataset (Christ et al. 2013) that was gathered using the same
RFI experimental setup as the dataset employed for model
comparison. The pre-stimulation localization data in the synchronous RFI condition of that article (Christ et al. 2013)
are used in the empirically informed model to establish a
distribution of individual means for the prior distribution of
the causal inference model. This distribution is parametrized
by a mean of 50.46 cm and a standard deviation of 4.68 cm.
The information integration process following the
described parameter values is outlined considering one single participant in Table 1. It describes the average model
outcomes following Samad et al.’s parametrization (2015)
and the changes proposed in this article. Note that the behavior of both informed models is depicted in the same column
because, given a prior of 50 cm, they infer the same probability of a common cause and provide the same posterior
localization if focusing on an individual participant. The
difference between the informed models lies in the variation of the individual priors between different participants.
While the conceptually informed model assumes a prior
mean of exactly 50 cm for all participants, the empirically
informed model draws that mean from a distribution governed by the second, informing dataset. Consequently, varying the prior mean as specified in the empirically informed
model should result in a variation of limb localization that
is closer to empirical observations. Due to focusing on one
hypothetical participant and a prior of 50 cm in Table 1,
the empirically informed model shows the same behavior as

Table 1  Information integration process of one exemplary participant
for the uniform and informed models, focusing on an individual participant with an assumed prior limb localization of 50 cm

• Conceptually informed model: Assigning the real

limb location (50 cm) and the proprioceptive precision (1.5 cm) to the mean and standard deviation of the
Gaussian prior distribution
• Empirically informed model: Sampling a value for the
mean of each participant’s Gaussian prior distribution
from the empirical distribution of pre-stimulation measurements of an informing dataset, while its standard deviation is equal to the proprioceptive precision (1.5 cm).
We argue that a uniform prior is not appropriate in the
situation because a human participant would know quite well
where their limb was before stimulation started. The simplest
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Common cause probability
(C = 1)
Pre
Post
Localization of the limb
Pre
Post

Uniform model

Informed models

p = .50
p = .95

p = .50
p = .95

Uniform

Mean 50 cm (Std dev
1.5 cm)
Mean 41 cm (Std dev
0.8 cm)

Mean 38 cm
(Std dev
0.8 cm)

Comparison of common cause and localization inference in pre- and
post-conditions
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the conceptually informed model. Their capabilities in estimating the empirically observed inter-individual variance
are analyzed in the subsequent model comparison. Starting from equal probability of a common cause or separate
causes of the perceived sensory information, the posterior
probability of a common cause is updated after receiving
sensory information. Because all models simulate a synchronous RFI condition, temporal distributions were omitted for
brevity. While the inferred probability of a common cause
is identical between the models, the posterior localization
distributions show the average change in the position estimate caused by the addition of an informed prior distribution
under the assumption of a common cause.
After the models estimated the posterior probability of a
common cause, they computed a value for the most probable
location of the limb in question, presented in Eq. 4:
)
(
X̂ p = p(C = 1|𝜒v , 𝜒p , 𝜏v , 𝜏t )X̂ p,C=1 + 1 − p(C = 1|𝜒v , 𝜒p , 𝜏v , 𝜏t X̂ p,C=2

(4)
The estimates for X̂ v,C=1 = X̂ p,C=1 as well as X̂ v,C=2 and
X̂ p,C=2 are computed by Eqs. 5, 6, and 7:

X̂ v,C=1 = X̂ p,C=1 =

X̂ v,C=2 =

𝜒v
𝜎v2

+

𝜇X
𝜎X2

1
𝜎v2

+

1
𝜎X2

+

𝜇X
𝜎X2

+

1
𝜎X2

𝜒v
𝜎v2

+

1
𝜎v2

+

𝜒p
𝜎p2
1
𝜎p2

+

𝜇X
𝜎X2

+

1
𝜎X2

(5)

Participants and descriptive data analysis
(6)

and
𝜒p

X̂ p,C=2 =

𝜎p2
1
𝜎p2

(7)

Model evaluation
We compare the RFI model variants described in the previous section with an informed prior distribution on localization to the original model proposed by Samad et al. (2015).
Subsequently, the former will be referred to as the conceptually or empirically “informed models,” while the latter will
be referred to as the “uniform model.” To compare the models, we use Bayes factors (Annis and Palmeri 2017), which
represent the ratio of marginal likelihoods of the data given
the models, as is shown in Eq. 8.

Biu =

p(D|Mi )
p(D|Mu )

The index of Biu denotes a directed Bayes factor of an
informed model relative to the uniform model, with the
reciprocal describing the other direction of model comparison. An established convention describes a Bayes factor of
above 3 to indicate moderate evidence in favor of a model,
with a Bayes factor of above 10 indicating strong evidence
toward it (Lee and Wagenmakers 2013). Typically, a model
with an increasing number of free parameters is able to arbitrarily fit an increasing amount of data (Annis and Palmeri
2017). The Bayes factor accounts for this problem of overfitting by marginalizing a model’s free parameters. One can
consider the marginal likelihood of the data under a given
model to represent its average prediction, weighted by the
prior uncertainty about its parameter values. This process
results in a model with broad priors placing less probability
mass at any given prediction than a very constrained model.
The very constrained model might in turn make more precise, yet inaccurate, predictions.
In this paper, the cognitive models under comparison
provide distributions of predicted position estimates after
the experimental stimulation. Using an empirical data set
described in the next section, we will judge model performance by comparing the likelihood of that data set under each
model’s predictions and report the resulting Bayes factors.

(8)

To compare model results with actual participant behavior, we
reanalyzed participant data reported by Flögel et al. (2015).
Here, participants were seated at an experimental setup showcased in Fig. 1. The experienced foot position was measured by
stopping a sliding light that was moving horizontally above the
participant’s limb. The proprioceptive drift of each participant
was calculated as the difference of the pre- and post-stimulation position measurements. Flögel et al.’s (2015) experiment
was originally designed to apply the RHI procedure to the feet
and verify the existence of proprioceptive drift and questionnaire effects in the RFI for synchronous and asynchronous conditions. The study showed that for the synchronous condition,
illusion strength was comparable for both limbs.
Flögel et al.’s (2015) empirical dataset consisted of 31 participants (20 females, age Mea = 24, SDea = 6.65 years) who
were randomly assigned to differing sequences of stimulation. The synchronous RFI stimulation condition reported a
proprioceptive drift of Med = 3.22 cm (SDed = 5.0 cm), which
differed significantly from the asynchronous (t(30) = 4.78,
p < 0.001) and control condition (t(30) = 2.91, p = 0.007) of
the RFI. Empirical data and Gaussian summary distributions
are shown in Fig. 2.
To provide prior knowledge to the empirically informed,
we used pre-stimulation data from a separate experiment by
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Fig. 1  Experimental setup of
the rubber foot illusion as conducted by Christ et al. (2013)
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Fig. 2  Empirical data and Gaussian summary distributions for position estimates post-stimulation (left) and proprioceptive drift (right).
For position estimates, the abscissa represents the horizontal location

in front of a participant (position estimates closer to the artificial limb
are plotted farther left). For proprioceptive drift, values closer to the
artificial limb, which indicate a stronger drift, are plotted farther right

Christ et al. (2013), which includes data from 19 participants
(11 females, age Mia = 24, SDia = 4.5) with the above-mentioned pre-stimulation positions estimates (Mip = 50.46 cm,
SDip = 4.68 cm).

informed model (solid green) approximate the empirically
observed amount and variance of post-stimulation localization. The position estimates of the uniform model (red),
however, deviate distinctly regarding their mean and are
noticeably narrow, leading to very low probability mass at
other position estimates. This yields a very large Bayes factor between the empirically informed model and the uniform
model. The conceptually informed model approximates the
mean of the empirically observed post-stimulation localization similarly well as the empirically informed model, but
does not describe the empirically observed variance. Comparing the empirically informed model to the conceptually
informed one, a positively infinite Bayes factor is found,

Results
This section describes the results of the model comparisons
using visual presentation and Bayes factors. Figure 3 shows
the position estimates provided by the uniform and both
informed models and the empirically observed distribution
(blue). The predicted position estimates of the empirically
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Fig. 3  Model predictions (uniform in red, conceptually informed in
dashed green, empirically informed in solid green) and empirical distribution (blue) of position estimates after the experimental stimulation
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Fig. 4  Model predictions and empirical distribution of proprioceptive
drift. Positive values indicate a drift from the position of the human
limb toward the artificial limb

which underlines that the empirically informed model provides a better prediction of the empirically observed localization. The comparison between the conceptually informed
model and the uniform model produces no Bayes factor
because the product of each marginal likelihood is zero and
the Bayes factor fraction is therefore undefined. Hence, the
data do not provide support for either of those two models.
In addition to investigating position estimates after stimulation, Fig. 4 shows the proprioceptive drift estimates of the
models as well as the empirically observed (blue) distribution of drifts. Note that the direction of the x-axis has been

inverted here. While Fig. 3 represented a horizontal axis in
front of a participant, with position estimates closer to the
artificial limb plotted further left (away from the participant’s body center), Fig. 4 represents proprioceptive drift
values as absolute values increasing to the right. The Bayes
factor from the empirically informed model (solid green) to
the uniform model (red) is positively infinite, substantiating that the empirically informed model approximates the
empirical values better. The comparison between the empirically informed and conceptually informed models is also
positively infinite. As with the predicted position estimates
before, the Bayes factor between the conceptually informed
model and the uniform model is not defined because both
receive approximately zero support from the data.

Discussion
The aim of the investigated models is to develop a better
understanding of human body experience and to generate
a quantitative estimation of the integration of multisensory
percepts at the computational level (Marr 1982). This is a
clear distinction to models that are applied in robotics for
planning, control, and navigation (Siciliano and Khatib
2008). Yet, methods like Kalman filters (Roncone et al.
2016) and Bayesian filters (Lanillos et al. 2017) have also
been applied to the problem of robotic self-perception,
which might be combined with the proposed Bayesian models, e.g., for robot control (Roncone et al. 2016) or scene
understanding (Lanillos et al. 2017). Considering Marr’s
levels, those methods from robotics could also serve as algorithmic realizations of our computational model for applications in robotics.
The presented models focus on the computational problem and the adequacy of their respective prior distributions.
They consider the integration of sensory information to be
a continuous process of Bayesian causal inference (Körding
et al. 2007), making Bayesian computational modeling an
appropriate choice. However, other approaches to implement Bayesian inference, e.g., predictive processing (Clark
2013) or active inference (Friston and Stephan 2007) can be
assumed to apply as well.

Model performance
We have proposed a modification of the Bayesian causal
inference model of bodily illusions used by Samad et al.
(2015) aimed at serving two purposes. First, changes to the
parameter value of visual precision were made for all models under comparison to reflect the different physical setup
of the RFI compared to the RHI. Secondly, we argued for the
inclusion of an informed prior distribution on localization
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before stimulation. We implemented this informed prior in
two separate ways: (1) the conceptually informed model
assumes the mean of each participant’s prior distribution
to correspond to the physical location of their limb on a
horizontal plane in front of them, (2) we informed prior
distributions of participants in the empirically informed
model using a second dataset that was gathered with the
same experimental setup as the evaluation dataset. Here,
empirical variation in pre-stimulation localization was taken
into account by sampling an individual participant’s prior
distribution mean from a distribution with parametrization equal to the second dataset. The resulting empirically
informed model is therefore capable to account for interindividual differences. These changes were made to reflect
the intuition that participants should not be assumed to treat
any position in front of them as equally plausible to be the
position of their limb, but to have a fairly accurate estimate
before the experimental stimulation interferes. An alternative and widely used approach in computational modeling
(Sun 2008) would be to estimate participant-specific prior
beliefs that rendered their empirical reports the most likely,
i.e., optimizing prior beliefs instead of trying to compare
sets of fixed priors. Such computational phenotyping is
applied, for example, to the estimation of individual motor
priors (Wolpe et al. 2014) or to the identification of prior
belief structures in clinically relevant cohorts, e.g., different
psychiatric cohorts (Schwartenbeck and Friston 2016). Our
analysis can be considered a hypothesis-driven version of
this search for empirically informed priors. Therefore, we
tested the performance of our two suggested informed models against the uniform model suggested by Samad et al.
(2015) with adjusted visual precision. Analysis via Bayes
factors revealed that the empirically informed model was
strongly favored compared to the other two, both concerning absolute position estimates and proprioceptive drift
values.
Figure 4 shows that all models estimate proprioceptive
drift values larger than the empirical observation, with the
highest likelihood of the data under the empirically informed
model. Only considering this measure might not seem unordinary to the reader, but the more important result comes
from considering position estimates and proprioceptive
drifts simultaneously. As can be seen in Fig. 3, both the
uniform model and the conceptually informed model yielded
position estimates that were all narrowly focused around specific positions on the horizontal plane in front of the participant. For the uniform model, predictions focused around
approximately 39 cm, while the conceptually informed
model showed similar behavior for a mean of approximately
45 cm. The small variation in these values is in accordance
with several figures in Samad et al.’s work (Samad et al.
2015, Figs. 2a, 4).
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Uniform model
The assumption that each possible limb position before stimulation is equally probable dominates any individual a priori
position estimate of the uniform model. This result returns
a position estimate that is solely impacted by the relative
precision of visual and proprioceptive information channels.
As we treated both sensory precision parameters as fixed and
equal across the participants, the uniform model predicted
approximately identical position estimates after stimulation
for all participants, disregarding the location of its prior distribution mean completely. The proprioceptive drift results
shown in Fig. 4 alone would not point out this characteristic of the uniform model, as it was outperformed by the
empirically informed model but still produced plausible
results at first glance. As Samad et al. (2015) have shown,
the model behavior also holds up to qualitative investigation,
for example showing a decrease in common cause probability at increasing distances. We showed, however, that the
use of a uniform prior distribution on localization not only
implements some unrealistic assumptions on plausible position estimates. It also results in the causal inference model
returning the signal ratio between visual and proprioceptive
channels as a prediction. This implausible model behavior
did not receive support from the empirical data.
Conceptually informed model
The conceptually informed model shares the uniform model’s issue of producing posterior position estimates that are
narrowly focused around a specific value. While the mean
of these estimates lies close to the empirically observed
mean, the missing inter-individual variance leads to an even
stronger compression of its posterior estimates compared to
the uniform model’s predictions. The model lacks the ability
to display an adequate amount of inter-individual variance
through its assumption of a fixed prior across individuals,
but it improves upon the uniform model by allowing changes
to the prior mean to be reflected in its posterior position estimates. If one were to fit the prior mean to a dataset instead of
setting it to the physical location of a participant’s limb, the
conceptually informed model’s predictions would approach
the empirical data, while the uniform model could not
account for such parameter changes. This property, however,
does not detract from the fact that both models are equally
unsupported by the data due to their narrow predictive distributions, leading to an incalculable Bayes factor.
Empirically informed model
The empirically informed model incorporates the possibility
to reflect prior parameter changes in its posterior predictions, which turns them into more than a mere signal ratio
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between sensory channel precisions. Moreover, it abandons
the conceptually informed model’s assumption of a prior distribution fixed to a limb’s physical location. Participants in
RHI and RLI studies showcase a higher amount of variation,
both pre- and post-stimulation (Christ et al. 2013; Flögel
et al. 2015), than a prior fixed to a limb’s physical location
can account for. The empirically informed model creates
more empirically plausible predictions by implementing a
hierarchical dependency where the mean of a participant’s
prior is drawn from an inter-individual distribution governing the spread of the individual means, i.e., a hyperparameter or hyperprior (Farrell and Lewandowsky 2018; Gelman
2006; Kruschke 2015). While the implementation helps in
achieving posterior position estimates that result in greater
evidence provided by the data for the empirically informed
model than the others, a graphical examination of Figs. 3
and 4 shows that its prediction mean is nearly identical to
the conceptually informed model. The empirically informed
model is more complex than its competitors and produces
posterior localization estimates better supported by the
empirical data, as shown through model comparison via
Bayes factors.

Limitations
Using Bayes factors to determine the relative evidence provided by competing models only points toward the model
that performs better in the set of models under consideration.
This method of model comparison, however, does not reveal
whether even the best model at hand should be considered a
good model of the data. As can be seen by graphical examination of Figs. 3 and 4, the proposed empirically informed
model does make predictions that are in better accordance
with the empirical observation, but it still leaves room for
improvement. An obvious starting point to improve model
performance might be the adjustment of precision parameters from the hands to the feet. To our knowledge, there
is no literature available on how visual and proprioceptive
precision might change between the extremities, aside from
assuming a linear increase. The previous literature on proprioceptive precision of the feet does not appear to be focused
on azimuthal positioning relevant in the RFI setup (Robbins
et al. 1997; Robbins et al. 1995).
Intuitively, one might assume a decreased proprioceptive precision in the feet compared to the hands due to the
requirements of everyday tasks and the associated neural
representation of both body parts. However, decreasing proprioceptive precision in the proposed informed model would
increase proprioceptive drift and move position estimates
toward the artificial limb, decreasing the fit to the empirical
data. The only change related to precision one could implement to improve fit is to decrease visual precision more than
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we have done to compensate for increased distance between
the eyes and feet. We are, however, unaware of prior work
justifying more than a linear increase in visual precision.
Finally, the present article does not consider different
experimental conditions of the RFI besides synchronous
stimulation. While previous work has focused on testing
and extending the conditions necessary for bodily illusions
to occur (Christ and Reiner 2014; Crea et al. 2015; Lenggenhager et al. 2015), our scope was to investigate the assumptions of the causal inference model necessary to approximate empirical data. However, we expect our main finding
of improved fit through an adequately informed prior on
localization to translate to different experimental conditions.

Conclusion
Understanding bodily illusions is not only a very challenging topic of psychological research (Christ and Reiner 2014;
Giummarra et al. 2008), but also has paramount engineering
potential (Beckerle et al. 2017; Caspar et al. 2015; Schürmann et al. 2019). For instance, reliable models of human
perception and cognition could enable new human–machine
interaction strategies, e.g., interfaces based on online user
modeling and adaptation. To improve the quantitative predictions of a Bayesian cognitive model of the RFI compared
to observed data, we proposed an informed prior on localization. The comparison via Bayes factors revealed clear relative support for informing models with empirical prior data.
This is confirmed by graphical examination, which outlines
that an empirically informed model outperforms a uniform
model due to the implausibly precise position estimates of
the latter. A third model that is only conceptually informed
with geometrical information about the setup showed similar
predictions for the mean value, but is not able to explain the
empirically observed variance. These results suggest that
cognitive models of bodily illusions should be informed
based on empirical data from prior experiments if available.
Future research ought to investigate the visual precision
on targets at eye to foot distance. Further investigation is also
needed when it comes to proprioceptive precision between
hands and feet. Lastly, the presented models assume a 50%
prior on the probability of a common cause. This probability would certainly be dependent on knowledge about the
RHI/RFI paradigm, something the average participant might
have acquired earlier since many bodily illusion experiments
employ psychology students as participants for course credit.
We have shown that including an adequately informed prior
distribution on localization can improve the predictive
accuracy of the Bayesian causal inference model in bodily
illusions. Applying the above-mentioned model comparison technique of parameter estimation and fit maximization
might enable more detailed individual phenotyping. Given

13

456

further development, utilization of such models for online
user adaptation in assistive robotic systems may increase
their user acceptance and body scheme integration.
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