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ABSTRACT

The Epoch of Reionization (EoR), when the first luminous sources ionised the intergalactic medium, répresents’a new frontier in
cosmology. The Square Kilometre Array Observatory (SKAO) will offer unprecedented insights into'thiS era/through observations
of the redshifted 21-cm signal, enabling constraints on the Universe’s reionization history. We investigate the information content
of the average neutral hydrogen fraction (Xyy) in several Gaussian (spherical and cylindrical powerSpectra) and non-Gaussian
(Betti numbers and bispectrum) summary statistics of the 21-cm signal. Mock 21-cm observations are generated using the AA*
configuration of SKAQO’s low-frequency telescope, incorporating noise levels for 100 and,1000hours. We employ a state-of-the-art
implicit inference framework to learn posterior distributions of Xy in redshift bins centred at’z = 8.0,7.2 and 6.5, for each statistic
and noise scenario, validating the posteriors through calibration tests. Using the figure of merit to assess constraining power, we
find that Betti numbers alone are on average more informative than the power spectra, while the bispectrum provides limited
constraints. However, combining higher-order statistics with the cylindrieal power spectrum improves the mean figure of merit
by ~0.25 dex (~33% reduction in o(¥yy)). The relative contribution of,each statistic varies with the stage of reionization. With
SKAO observations approaching, our results show that combining power spectra with higher-order statistics can significantly

increase the information retrieved from the EoR, maximising thescientific return of future 21-cm observations.

Key words: intergalactic medium — dark ages, reionizationyfirst stars — cosmology: theory - galaxies: formation.

1 INTRODUCTION

The Epoch of Reionization (EoR) marks one of, the most signif-
icant phase transitions in cosmic history. During this period, the
first generation of stars and galaxies formed, and their ultraviolet
radiation progressively ionised the neutral hydrogen (HI) that filled
the intergalactic medium (IGM). This,process, which concluded ap-
proximately one billion years after the Big Bang, brought an end to
the cosmic “dark ages” and-fundamentally shaped the universe we
observe today. A primary goal of modern cosmology is to chart the
timeline of this process; typically'parametrised by the evolution of the
global neutral hydrogen fraction Xy;. Observations of the Lyman-a
forest in high-redshift quasar spectra have suggested that reionization
ended around z'& 5.3 5.5 (e.g., Fan et al. 2006; Becker et al. 2015;
Kulkarni et al.'2019; Bosman et al. 2022), and several complement-
ing constraints from the CMB optical depth (Planck Collaboration
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et al. 2020) and galaxy observations (e.g., Mason et al. 2018, 2019;
Hoag et al. 2019; Bolan et al. 2022; Jones et al. 2025) indicate that
it was halfway complete around z = 7.

While powerful, these existing observational probes offer an indi-
rect view of the IGM during reionization. Quasar absorption spectra,
galaxy damping wings, and Lyman-« emitter statistics rely on inter-
preting the imprint of the IGM on light originating from or passing
near luminous sources (e.g., McGreer et al. 2015; Davies et al. 2018;
Greig et al. 2022; Curtis-Lake et al. 2023; Umeda et al. 2024). Infer-
ring the global properties of the IGM from these sightlines requires
careful modelling of both the sources and the complex radiative
transfer of Lyman-a photons through an inhomogeneous medium
(e.g., Huberty et al. 2025; Georgiev et al. 2025). Furthermore, infer-
ring global quantities from a handful of sightlines can be prone to
cosmic variance. In contrast, the 21-cm signal, a spectral line from
the hyperfine spin-flip transition of neutral hydrogen, offers a more
direct window into the IGM during the EoR (see e.g., Pritchard &
Loeb 2012, for a review). Originating from the neutral hydrogen dis-
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tributed throughout the cosmic volume, mapping the 21-cm signal
across different redshifts can provide a three-dimensional tomogra-
phy of the IGM, revealing the evolving morphology and topology of
the ionised bubbles (e.g., Friedrich et al. 2011; Giri et al. 2018a; Giri
& Mellema 2021). This, in turn, allows us to constrain not only the
underlying astrophysical processes but also the reionization history
directly (e.g., Giri et al. 2018b; Bianco et al. 2021, 2024). However,
detecting this faint signal is an extreme observational challenge. It is
buried beneath astrophysical foregrounds that are orders of magni-
tude brighter, requiring exceptionally precise calibration (e.g., Barry
et al. 2016; Mevius et al. 2022; Gan et al. 2023). Current-generation
radio interferometers, such as the Low Frequency Array (LOFAR;
Mertens et al. 2020, 2025), the Murchison Widefield Array (MWA;
Trott et al. 2020; Nunhokee et al. 2025), and the Hydrogen Epoch of
Reionization Array (HERA; HERA Collaboration et al. 2022, 2023),
have made significant progress, placing the first upper limits on the
21-cm power spectrum. These data have already been used to rule out
some extreme scenarios, particularly those involving minimal heat-
ing of the IGM as reionization proceeds (‘cold reionization’) which
predict a large 21-cm signal amplitude (e.g., Greig et al. 2021b,a;
Ghara et al. 2020, 2021, 2025; HERA Collaboration et al. 2023;
Nunhokee et al. 2025).

The forthcoming Square Kilometre Array’s Low-frequency com-
ponent (SKA-Low; Koopmans et al. 2015) is poised to revolutionise
the field. With its unprecedented sensitivity, SKA-Low is expected to
move beyond upper limits to achieve a robust detection and detailed
characterisation of the 21-cm signal across cosmic time. A primary
scientific objective is to leverage these data to directly reconstruct
the reionization history. The cylindrically averaged power spectrum
(PS2D) serves as the primary summary statistic for initial analyses,
offering robustness against foreground contamination and being the
expected first statistical detection (e.g., Liu & Tegmark 2011; Pober
et al. 2014). Indeed, forecast studies have demonstrated the potential
of the PS2D to constrain the reionization history (e.g., Greig et al.
2024; Cooper et al. 2025; Pietschke et al. 2025). The importance of
this statistic and objective was also highlighted in the recent SKA Sci-
ence Data Challenge 3b (SDC3b'), where international teams com-
peted to infer the reionization history from blinded mock PS2D data®
Among the participants, the SEarCH (Svea’s Endevour in Al and
Reionization Cosmology with Helvetia) team provided two methods
(de Salis et al. 2025, and this work), both securing podiup.positions
in the SDC3b rankings.

The 21-cm signal, however, is highly non-Gaussidnyreflecting the
complex and evolving morphology of ionised regions:(e.gy Iliev et al.
2006; Majumdar et al. 2018; Giri et al. 2018a;2019). The growth of
ionised bubbles, a key tracer of the reionization history, introduces
significant non-Gaussian features in the signal’s’ morphology and
topology. The PS2D, as a two-pointstatistic, only captures the com-
plete information for a Gaussian fieldvand/is therefore insufficient,
potentially missing a wealth of information. This strongly motivates
the exploration of non-Gaussian\information through higher-order
summary statistics, suchas the bispectrum (a three-point statistic)
and topological desetiptors such as Betti numbers (e.g., Elbers &
Weygaert 2019; Giri & Mellema 2021; Kapahtia et al. 2021), which
are explicitly sensitive to the complex morphology of the ionised re-
gions. In thiS'study, we explore the capabilities of the non-Gaussian
information on censtraining the reionization history.

Building anvinference framework capable of optimally extracting
information from the 21-cm signal data faces significant hurdles.

" https://sdc3.skao.int/

Firstly, modelling the EoR and the resulting 21-cm signal is com-
putationally demanding. Even fast semi-numerical codes such as
21cMFAST (Mesinger et al. 2011), GRIZZLY (Ghara et al. 2018)
and BEoRN (Schaeffer et al. 2023) require several CPU hours for
a single simulation spanning the relevant cosmic time (5 < z < 12).
Traditional Markov chain Monte Carlo (MCMC) frameworks, which
require evaluating millions of models to explore the high-dimensional
astrophysical parameter space adequately, become computationally
prohibitive (e.g., Greig & Mesinger 2015). Secondly, the likelihood
function p(t|xyy,#), which connects t, the summary statistic of the
observed data, to the reionization state xy and underlying parameters
6, is often intractable, especially for higher-order statistics or when
complex instrumental effects are considered (Prelogovi¢ & Mesinger
2023). Moreover, previous work has demonstrated how combining
multiple complementary summary statistics can maximise the astro-
physical inference from 21-cm data (Prelogovi¢ & Mesinger2024).
Employing fast emulators trained on simulation suites have been
proposed to accelerate the forward modelling of specific summary
statistics within MCMC (e.g., Kern et al. 2017; Schmit & Pritchard
2018; Ghara et al. 2020; Breitman et al. 2024;/Meriot'& ‘Semelin
2024; Choudhury et al. 2024). While this strategy canaddress the
computational cost after an initial training investment, emulators are
typically specific to the statistic they were trained/on and require re-
training for new observables; crucially, they,do not inherently solve
the problem of an intractable or unknown likelihood function.

Implicit inference, also known as/simulation-based inference
(SBD), offer a compelling alternative that circumvents the need for an
explicit analytical form for, the likelihood p(t|0) (see e.g., Cranmer
etal. 2020, for a review), Thesetechniques leverage the fact that com-
plex EoR models«can generate simulated data instances which carry
an implicit likelihoed by sampling the joint distribution (6, t). By
training neuralnetworks on a sufficiently large set of pre-computed
simulations, SBI algorithms learn approximations of e.g. the poste-
rior p(6|t), the likelihood p(t|8), or the likelihood ratio p(t|6)/ p(t|6et),
where@,.r is a chosen fixed reference parameter set. These techniques
enable the use of complex simulation-based models within inference
tasks,altimately promising to fully exploit the information contained
in observations and tackling systematics. As such, implicit inference
has been tested for a wide variety of tasks in cosmology and as-
trophysics (e.g., Vasist et al. 2023; Lanzieri et al. 2025; Cerardi
et al. 2025; Saoulis et al. 2025). Implicit inference provides par-
ticular advantages for 21-cm cosmology. First, it naturally handles
the intractable likelihoods associated with non-Gaussian summary
statistics or complex instrumental effects. Furthermore, the method-
ology efficiently utilises computationally expensive simulations, as
the generation of the training set can be parallelised and generally
requires significantly fewer simulation runs than a typical MCMC
chain needs to converge (e.g., Schmit & Pritchard 2018; Semelin
et al. 2025). Consequently, SBI methods are increasingly being ap-
plied to 21-cm signal analysis. Studies have employed various sum-
mary statistics, including the power spectrum, PDF moments, and
wavelet scattering transforms, within implicit inference frameworks
to forecast constraints on astrophysical parameters (e.g., Zhao et al.
2022, 2024; Prelogovi¢ & Mesinger 2023; Greig et al. 2024; Meriot
et al. 2025). Recently, Semelin et al. (2025) have demonstrated the
capability of SBI to combine information from multiple, potentially
correlated, summary statistics to derive tighter constraints.

In this paper, we study the non-Gaussian information in the 21-
cm signal to improve the constraints on reionization history. This
paper is structured as follows. In Sec. 2, we introduce the adopted
forward model, including semi-analytical simulations, instrumental
effects, and the chosen summary statistics for this study. In Sec. 3, we
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detail our implicit inference framework to derive posterior estimators
from single and combined summary statistics. In Sec. 4, we present
our results, showing calibration metrics and comparing summary
statistics performance. Lastly, in Sec. 5 we discuss our results and
conclusions from this work. Throughout this article, we assume a
flat ACDM cosmology, with the Planck Collaboration et al. (2020)
parameters: Hy = 67.66 km s~' Mpc™!, Qn, = 0.30964, g = 0.8102
and ng = 0.9665.

2 DATA MODEL
2.1 Simulations

Our inference framework is trained on a large suite of mock 21-cm
signal observations. In this section, we describe the numerical simu-
lations used to generate this training set. We first detail the simulation
code and the astrophysical parameterisation adopted (Sec. 2.1.1), and
then define the three specific reference models used to test our frame-
work (Sec. 2.1.2).

2.1.1 Method

To generate the training data for our SBI framework, we employ the
widely-used semi-numerical simulation code 21cMFAST (Mesinger
et al. 2011; Murray et al. 2020). 21cMFAST efficiently models the
large-scale structure formation using second-order Lagrangian Per-
turbation Theory (2LPT; e.g., Scoccimarro 1998) and simulates the
process of reionization using an excursion-set formalism based on
Furlanetto et al. (2004). This approach allows for the rapid generation
of large cosmological volumes necessary for capturing the statistical
properties of the 21-cm signal. The code self-consistently calculates
the evolution of density, velocity, ionization, and temperature fields,
enabling the computation of the 21-cm brightness temperature con-
trast.

The observable 21-cm signal is quantified by the differential
brightness temperature 67, given as (e.g., Furlanetto et al. 2006):

Q2 \[ 0.15 1+z\'?
0.023 )\ Q2 10

T,(2) H(z)
(1 - Ts(x,z))(dvr/dr+H(Z))mK Y%

where xpy(X,z) and Jp(X,z) are the neutral hydrogen.fraction and
baryon overdensity, respectively, at position x andredshiftz. T's (x,z)
is the spin temperature, determined by the coupling‘of the hyperfine
levels to the CMB, the kinetic gas temperature (via collisions), and
the Lyman-a background (via Wouthuysen-Field effect). T, (z) is
the CMB temperature at redshift z4Q, and Q, are the baryon and
total matter density contrast parameters, r€spectively. dv,/dr is the
gradient of the peculiar velocity\along the line-of-sight, accounting
for redshift-space distortions:

For this work, we userthe.full,spin temperature calculation within
21cMFAST, which aceounts for collisional coupling, Wouthuysen-
Field coupling from Lyman-e photons, and heating from X-ray pho-
tons. This provides 4 more realistic description than assuming the
high spin temperature’limit (s > T,), especially at earlier times or
in potentially colder regions of the IGM. Although our primary focus
is on.the later Stages of reionization (z < 9), including the full spin
temperature evolution ensures our framework can handle variations
in‘thermal state and is robust even if some regions remain relatively
cold, allowing us to test the framework’s ability to constrain the
reionization history across diverse scenarios.

0Tp(x,2) = 27xm (X, 2)[1 + 6b(X,Z)](
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Figure 1. Redshift evolution of sky-averaged neutral fraction xgrof three
scenarios (early, fiducial and late reionization model§). The thrée coloured
bands show the frequency bins considered in thisstudy.

21cMFAST models the properties of galaxies, which drive reion-
ization and IGM heating, using a set of_astrophysical parameters
linked to the mass of dark matter halos (#},), following the parametri-
sation detailed in Park et al. (2019)""The star formation efficiency
(SFE), representing the fraction of galactic gas converted into stars,
is parameterised by aynormalisation f; 1o at a halo mass of 101901,
and a power-law, index ., describing its scaling with halo mass
(fi Ml‘:*). Similazly, the escape fraction of ionising UV photons,
Jesc, which-dictates how many ionising photons reach the IGM, is
modelled with a normalisation fes 10 and a power-law index aesc.
The ability, of l1ow-mass halos to form stars is regulated by My
belowywhich star formation is exponentially suppressed due to feed-
back or ¢ooling limitations. The timescale over which galaxies form
their stars is parameterised by t., expressed as a fraction of the
Hubble time. IGM heating is primarily driven by X-rays, modelled
by the soft-band (0.5-2 keV) X-ray luminosity per unit star forma-
tion rate, Ly orev/SFR, which sets the overall X-ray efficiency. The
shape of the X-ray spectrum emergent from galaxies is controlled
by Ep, the minimum energy (in keV) required for X-ray photons
to escape absorption within the host galaxy, and ay, the power-law
spectral index (Ly oc E~%X). In principle, varying all nine parame-
ters (fi, 10, @, fesc, 10> Xesc Miurn, 1, Lx <okev /SFR, Eq, ax) allows for
a wide exploration of signal characteristics. We describe our prior
sampling strategy in the following sub-section.

2.1.2 Reference cases

To test the performance of our inference framework, we define three
reference scenarios corresponding to an ‘Early’, ‘Fiducial’, and ‘Late’
reionization history. The astrophysical parameters defining these
three models are taken from our test set and are detailed in Ta-
ble 1. The resulting evolution of the sky-averaged neutral fraction
Xy for each case is shown in Fig. 1. The ‘Fiducial’ model’s reioniza-
tion history begins at z ~ 13 and ends by z = 5.5, which is consistent
with current constraints on reionization (see e.g., Giri et al. 2024;
Qin et al. 2025, for discussion about these constraints). The other
two models represent more extreme scenarios. While all models be-
gin at a similar epoch, reionization in the ‘Early’ model proceeds
very rapidly and is nearly complete by z ~ 6.5 with a neutral fraction
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Table 1. The astrophysical parameter values of the three reference scenarios from our testing set, along with the corresponding sky-averaged neutral fractions

within ~15 MHz frequency band at the three redshifts considered in this study.

Model  logiofx,10 Oy 10g10fesc 10 ese  10810Mum Ix Xu1(z=8.0) Xui(z=7.2) Xui(z=6.5)
Early -1.05 -0.01 -1.01 -0.91 9.60 0.60 0.46 0.21 0.02

Fiducial -0.38 -0.21 -2.11 0.31 8.63 0.72 0.59 0.43 0.20
Late -0.43 0.21 -2.25 0.05 8.22 0.19 0.70 0.56 0.39

of xy1 ~ 0.02. Conversely, the "Late’ model shows a more gradual
trend, remaining significantly neutral with an average neutral frac-
tion Xgy 2 0.1 at z = 6. The specific values of the neutral fraction for
each model at our three redshifts of interest (z = 8.0,7.2,and 6.5) are
listed in Table 1.

To properly model the signal for such evolutionary histories, we
generate lightcone data volumes from our 21cMFAST models. A
lightcone data represents the 21-cm signal as it evolves along the line-
of-sight, since different observed frequencies, vqpg, correspond to
different redshifts (and thus different cosmic times). For our analysis,
we focus on measurements within three distinct redshift bins centred
at z=8.0,7.2, and 6.5 (vops = 158, 173 and 189 MHz), each with a
bandwidth of ~15 MHz. These bins are highlighted by the coloured
bands in Fig. 1. While the signal evolution within this bandwidth
introduces the lightcone effect (e.g., Datta et al. 2012; Giri et al.
2018a), our explicit construction of lightcones for all models in the
training set ensures that this effect is consistently included and does
not introduce bias into our inference framework.

2.2 Sampling prior

For this study, we vary the six key astrophysical parameters 6
controlling the galaxy UV properties and star formation activity:
S4.10, @, fesc, 10> @esc, Mum, t«. The remaining three parameters de-
scribing the X-ray properties of galaxies (Ly<okev/SFR, Eg, ax)
were kept fixed to the fiducial values recommended in Park et al.
(2019). It is important to note that the heating of the IGM is
still modulated through f. 10, @« and M. For example, heat-
ing could be delayed if star formation is very low (low fi 10)
and only occurs in massive haloes (high M,y). We initially sam-
pled the six varied parameters from broad, uniform prior distribu-
tions: logyo(fs,10) € [-3,0], a« € [-0.5,1], log;o(fesc,10) €0—3,0];
esc € [—1,0.5], logo(Mwm/Mo) € [8,10], and ¢, € (0, 1]/The initial
sampling distributions p((6) for these astrophysical parameters’are
shown as dashed grey lines in the top two rows of Fig. 2. Hewever,
this uniform sampling in the astrophysical parametersspace leads to
a highly non-uniform, bimodal distribution of the resulting reioniza-
tion histories, Xyy(z), as illustrated by the“dashed) grey lines in the
bottom row of Fig. 2 for z = 8.0,7.2, and 6.5."This bimodality, with
peaks corresponding to very early/rapid or, very late/slow reioniza-
tion scenarios, presents challenges foritraining neural networks in
SBI frameworks, potentially leading'te.inefficient learning or biased
posteriors.

To address this, we implemented a custom sampling strategy de-
signed to yield a morébalanced distribution of reionization histories.
We leveraged the’publicly available 21cMEMU emulator (Breitman
et al. 2024), which provides a rapid mapping from the 21cMFAST
astrophysical parameters to the evolution of the sky-averaged neutral
fractiongXpy. Wedrew parameter sets 6 from the initial uniform priors
po(@).andused21cMEMU to predict the corresponding xy. We then
applied rejection sampling, discarding models where reionization ei-
ther completed too early (defined as Xyj(z = 8.4) < 0.01) or had not
significantly progressed by the end of our redshift range of interest
(defined as xy(z = 6.25) > 0.95). Every few hundred iterations, we

# of samples
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Figure/2. Marginal distributions on the simulation parameters 6(top and
middle row) and on the resulting Xy for three different redshifts (bottom row).
y-axes show the number of sample in the dataset. A uniform sampling po(6)
of the astrophysical parameters (dashed histograms) give a highly bimodal
distribution po(Xur) of Xyr in the three frequency bins. With our custom
sampling strategy p(f) (see Sec. 2.2), we get a relatively more balanced
distribution p(Xgy) of these bins (solid histograms).

stop the parameter sampling and modify the upper and lower limits
to target specific reionization scenarios, aiming to obtain a more bal-
anced distribution of Xy across the three redshift bins. Nevertheless,
we can observe that the highest (lowest) redshift has a preference for
late (early) scenarios. We continued this process until we collected
~15,900 valid parameter sets. These sets were then used to run full
21cMFAST simulations to generate our final training dataset. We
perform each simulation in a (128 x3)? grid box with 500 Mpc along
each side, and then downsize to (128)3 voxels to avoid small-scale
effects due to the semi-numerical framework (see e.g., Choudhury &
Paranjape 2018, for discussions about these effects). While we expect
the sample variance to be small in our case for 2-point statistics ( 5%
at k =0.1 h~'Mpc with our chosen box size, as shown by Giri et al.
2023), its effect on higher-order statistics is unclear. Hence, we vary
the cosmological initial conditions for each sample to consistently
include the sample variance in this dataset. As a result, the trained
neural estimators are marginalizing over the initial conditions, and
the sample variance is included in the predicted posteriors.
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The effective sampling priors p(6) resulting from this procedure
are shown as solid dark histograms in the top two rows of Fig. 2.
While no longer strictly uniform, they still cover the initial parameter
ranges broadly. Crucially, the distribution of neutral fractions p(¥yy)
resulting from this custom sample, shown as solid dark histograms
in the bottom row of Fig. 2, is significantly more balanced and less
bimodal compared to the uniform astrophysical prior case. Although
not perfectly uniform in Xgj, this improved distribution provides a
much better basis for training our inference framework.

2.3 Forward-modelling instrumental effects

Implicit inference methods critically rely on the fidelity of the training
set in mimicking the observation. Realistic forward-modelling of
observational contaminants and instrumental effects is crucial for
the neural networks to learn the correct mapping between the data
summaries to underlying parameters, especially when the likelihood
function is intractable. In this work, we incorporate the impact of
instrumental noise and finite resolution characteristic of SKA-Low
observations.

We consider two mock observational setups corresponding to the
AA* antenna configuration of SKA-Low, which includes 307 antenna
stations. The initial science viable data will be produced with this
configuration. The first setup assumes a total integration time of
100 hours, while the second assumes a deeper observation of 1000
hours. For both setups, we assume 6 hours of observation per day,
centred on the field transiting zenith at a declination of —30 degrees.
Instrumental noise is a primary contaminant and we calculate the
expected noise standard deviation per visibility (0peise) as following
(e.g., Ghara et al. 2017):

SEFD
O noise = \/?At
V.

where Av is the channel width and At is the integration time per
visibility. The SEFD is the system equivalent flux density that de-
pends on the system temperature Tsys and the effective area A.q
of each station (SEFD = 2kpTgys/Aeff, Where kp is the Boltzmann
constant). We adopt the frequency-dependent Tys and A models
relevant for SKA-Low, as defined in Giri et al. (2018b). Following the
procedure in Giri et al. (2018b), we generate Gaussian random noise
realisations on a grid matching the 21cMFAST simulationfesolution,
consistent with this ogise. The final noise rms at the‘map‘level for
100h (1000h) of observation is of ~ 160, 230, 320 mK ¢+ 50,70, 100
mK), respectively at z = 6.5,7.2,8.0.

The interferometer does not sample all spatial frequencies uni-
formly; its sampling pattern in the uv-plane is determined by the
station layout and Earth’s rotation. Using the publicly available pack-
age TooLs21cwm (Giri et al. 2020), we simulate the daily uv-coverage
tracks based on the SKA-Low AA* station’positions. The simulated
noise grids are then convolved with*the weights derived from these
uv-tracks. We assume a natural weighting scheme, which optimally
weights the visibilities<based,on sampling density to minimise the
noise variance in the‘final'map, thereby maximising sensitivity.

Furthermore, the finite.extent of the interferometer limits the an-
gular resolution. We mimic this by filtering the simulated signal and
noise fields in'Fourierspace, retaining only the modes corresponding
to baselines shorter than the maximum baseline of the SKA-Low core
(~1 km diameter). This effectively reduces the angular resolution of
the data:\To ensure isotropic resolution, we also match the resolu-
tion along the frequency axis by smoothing the data cubes to have
approximately the same physical scale per voxel as in the angular
directions after filtering.

2

Inference on 21-cm higher-order statistics 5

A crucial aspect of interferometry is the absence of a zero-spacing
baseline, meaning the sky-averaged signal within each frequency
channel cannot be measured. Therefore, before computing any sum-
mary statistics, we subtract the spatial mean from each frequency
slice of our simulated data cubes (signal plus noise) to mimic this
observational characteristic. This procedure of generating noise on a
grid and then convolving with the uv-weights is computationally effi-
cient compared to direct visibility simulation, allowing us to rapidly
produce multiple noise realisations. To capture this stochasticity in
our training set, we generate approximately 25 independent noise
realisations for each 21cMFAST model lightcone. These realisations
aid the implicit inference framework learn to marginalise over the
noise properties during inference.

2.4 Summary statistics

A direct (or field-level) comparison of the simulated 21-¢m data with
observations presents a high-dimensional inference problem that is
computationally prohibitive. Furthermore, initialedata,from inter-
ferometers such as SKA-Low are expected to’be noise-dominated,
making such a direct analysis sub-optimal/'We therefore compress
this information by estimating several summary statistics from the
cubes at different redshift bins, incorporating=the instrumental ef-
fects described above. These statistics serve as the input data for our
inference framework.

2.4.1 2-point statistics

The primary statistic in”21-cm cosmology to extract information is
the power spectrumy(PS); which quantifies the variance of the signal
fluctuations“aswa,function of spatial scale. As a two-point statistic,
it fully describes. a Gaussian random field and is proportional to
X%H (€.g., Furlanetto et al. 2004; Georgiev et al. 2022). We consider
two versions. The first is the spherically averaged power spectrum
(PS1D), 'P1p(k), which averages the signal power within spherical
shells/in Fourier space, providing information on the overall ampli-
tude of fluctuations at different scales k. The second is the cylindri-
cally averaged power spectrum (PS2D), Pp(ky, k), which averages
power in cylindrical annuli, separating scales perpendicular (k) and
parallel (k) to the line-of-sight. This retains information about line-
of-sight effects such as redshift-space distortions (e.g., Jensen et al.
2013). Both statistics are computed using modules available within
TooLs21cm (Giri et al. 2020).

Fig. 3 illustrates these Gaussian statistics at z = 7.2 for our three
reference models. The top row shows the PS1D for the three mod-
els. The different light solid lines in each panel show the PS1D of
the signal with several different noise realisations for a 1000-hour
SKA-Low observation, highlighting the variations introduced by in-
strumental effects. Instrumental noise adds a positive bias to the
power spectrum, which can make the variations between realisations
difficult to see. To better visualise these variations, we have removed
this noise bias from the curves. One realisation is highlighted with
a darker coloured curve. We can see that the shape and amplitude
of the PS1D are distinct for each reference model, reflecting their
different average neutral fractions at this redshift.

The bottom row of Fig. 3 shows the PS2D for the same single
noise realisation as the dark curve in the top panel, but with the noise
bias subtracted (similar to the PS1D plots). This bias subtraction
reveals the underlying signal structure but also highlights the impact
of noise. For instance, in the ‘Early’ model, which has the lowest
signal amplitude, many pixels are white. This is because these pixels
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Figure 3. Gaussian summary statistics at z = 7.2 for the three reference models (left to right: Early, Fiducial, Liate); assuming 1000h SKA-Low noise. Top row:
The spherically averaged power spectrum, P;p(k). Lighter lines show multiple noise realisations, and the darker line highlights a random one. The instrumental
noise bias has been removed from all curves for clarity. Bottom row: The cylindrically averaged power specttum, P>p (k. , k), for the single realisation highlighted
in the top row, again with the noise bias removed. White pixels (e.g., in the ‘Early’ model) indicate noise-dominated modes where bias subtraction resulted in

negative values.

were noise-dominated, and subtracting the large noise bias resulted
in negative values, which are not displayed on the colour map. This
illustrates the different noise properties of the two statistics. The
PS1D benefits from more compression (averaging within spherical
shells) and thus has a lower relative noise error. The PS2D¢by pre-
serving the k, and k| separation, is more prone to noise blit contains
more astrophysical information from the signal’s anisetropy. We will
test and compare the physical information that can be extracted from
both metrics in the results (Sec. 4). It is important to note that our
inference framework does not subtract the noise‘bias, it is trained on
and compares the statistics (signal + nois€) directly. This avoids any
issues related to bias subtraction, such as the negative values seen in
the figure.

2.4.2 Statistics sensitive to non-Gaussian information

The 21-cm signal is‘expected to be highly non-Gaussian, reflecting
the complex morphology, of ionised regions (e.g., Iliev et al. 2006;
Giri et al. 2018a, 2019). To capture this information, we compute
the bispectrum, thesthree-point correlation function in Fourier space,
B(ky,kysks), which is explicitly sensitive to non-Gaussianity. We
use the publicly available PyLians3 package (Villaescusa-Navarro
2018), which implements a Fast Fourier Transform (FFT) based al-
gorithm to estimate it (e.g., Sefusatti et al. 2016; Watkinson et al.
2017). This algorithm requires the input data to be on a cubic grid.
Since our lightcone data volumes are generally not cubic, we crop

the/data ‘along the angular dimensions to create cubic sub-volumes
before calculating the bispectrum.

The bispectrum depends on the configuration of the three wavevec-
tors ki,ko, k3 (where k| + ks + k3 = 0). We focus on two specific
configurations known to be sensitive probes of non-Gaussianity (see
Lewis et al. 2011 for a detailed study of shapes probed by different
configurations):

o Equilateral: ki = ko = k3 = k. This configuration is sensitive to
the typical shapes of the ionised regions and their clustering (e.g.,
Watkinson et al. 2019; Majumdar et al. 2018).

o Squeezed-limit: ki =~ ky > k3. This configuration primarily
probes the coupling between large-scale modulation and small-scale
signal fluctuations (e.g., Giri et al. 2019).

We assume a k-bin width of 0.1 Mpc~! for these calculations. Our
analysis specifically uses the reduced bispectrum, which is defined
as (e.g., Scoccimarro et al. 1998):

B(ky,kz,k3)

Qh-k- k) = 0 Sy + Pl Ps) + PUPGRD T )

This normalisation isolates the purely non-Gaussian part of the sig-
nal. The top two rows of Fig. 4 show this reduced bispectrum for
the ‘Equilateral’ and ‘Squeezed-limit’ configurations, respectively.
As in Fig. 3, the columns correspond to the three reference models,
and the plots show multiple noise realisations (faint lines) with one
highlighted (dark curve). These plots show that the shape and ampli-
tude of the reduced bispectrum also vary significantly between the
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Figure 4. Non-Gaussian summary statistics at z = 7.2 for the threereference models (Early, Fiducial, Late), assuming 1000h SKA-Low noise. Top row: The
reduced equilateral bispectrum, Q(k). Middle row: The reduced squeezed-limit bispectrum, Q(k). Bottom row: The Betti numbers (80,/31,32) as a function of
the threshold v. In all panels, light lines show multiple noise realisations; and the dark lines highlight a single, common realisation.

models. Later in our forecast study, we infer constraints from both
configurations jointly and refer to this combinatien ds-‘Bispec’.

In contrast to the Fourier-space statistics mentioned above, we also
compute Betti numbers. These are topological invariants calculated
directly from the 21-cm signal images, which are an expected data
product from SKA-Low (e.g., Mellema etal. 2015; Giri & Mellema
2021). Specifically, By counts the number of connected components
(e.g., isolated ionised regions), B1,counts the number of tunnels or
loops, and 3, counts,the number of enclosed voids. We calculate
these as a function ofia threshold value v, defined relative to the
standard deviation of therdata (v = 6T} /0s7,), using 21 threshold
bins between vi= —4 and 4. This provides information about the
topology at different intensity levels>.

2 [This thresholding strategy or filtration differs from that used in Giri &
Mellema(2021) where ionised regions were first explicitly identified using a
pattern recognition framework across all redshifts, and Betti numbers were
then calculated as a function of redshift. Our approach focuses on topology as

The instrumental noise in the images is approximately Gaussian
in nature (e.g., Giri et al. 2018b). For a reference Gaussian random
field, the Betti number curves are known to be symmetric, with 8y
and 3, as mirror images of each other (e.g., Pranav et al. 2019; Giri &
Mellema 2021). The bottom row of Fig. 4, showing the Betti curves
for our reference models, clearly deviates from this symmetry. The
distinct, asymmetric shapes of these curves, particularly the peaks
and their locations, demonstrate that they capture the unique non-
Gaussian topological signatures of each reionization scenario, which
are invisible to the power spectrum.

a function of signal intensity within the three specific redshift bins considered
in this study.
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3 IMPLICIT LIKELIHOOD AND PRIOR INFERENCE

We perform the joint inference of X =
[Xu1(z = 8.0), Xu1(z = 7.2), Xg1(z = 6.5)] given t, a summary
statistic measured in the three redshift (or frequency) bins of the
study (see §2.4). Our data model provides samples (Xgy,t) drawn
from the simulator, which can be seen as an implicit likelihood
distribution p(Xgy, t|f#). We aim to estimate the posterior distribution
p(Xyilt), which following Bayes’ theorem can be evaluated as:

p(Xyilt) o< p(txXup) p(Xup). 4

However, unlike in a classical forward model where the inferred
quantity is an input to the model, here the mean neutral fraction Xy
is one of its output. Hence, the simulator carries an implicit prior
p(Xp1), which can be written as a function of the simulator’s implicit
likelihood and the simulator’s prior p(6) (see §2.2):

(XD = f f P&y, te)p(B)dodt. ®)

Since we do not have explicit expressions for both p(Xy, t|6) and p(6),
it is clear that the prior p(Xyy) is implicit. Likewise, the likelihood
p(t|Xpp) in eq. 4 can be written as a function of the simulator’s implicit
likelihood and prior:

i = [ 25800 a0 ©
p(Xur)

As all terms are intractable in this expression, it demonstrates that also
the likelihood term of in Eq. (4) is implicit. While implicit inference
is classically required when the likelihood only is intractable, it is in
our case also justified by the intractable prior on Xyj. This problem
requires us to use Neural Posterior Estimation (NPE, Papamakarios
& Murray 2018), as it is the only class of implicit inference algorithm
that learns the prior together with the likelihood.

Here, we follow a state-of-the-art inference strategy to model
p(Xuilt). We use the NPE method, e.g. training a conditional dis-
tribution g, (Xgy|) with weights ¢ to learn both the likelihood and
prior. Instead of conditioning ¢, directly on the summaries t, we per-
form variational mutual information maximisation (VMIM, Jeffrey
etal. 2020) to optimally extract the relevant information from t. To do
so, we train a neural network y, (t) with weights . Its output yields
the same shape as Xyj. In practice, yy(t) is obtained by training yy
simultaneously with g,. Hence, we minimise the combined VMIM
loss:

Lymiv($9) = ~E iy 10g( g (Xelyy (1)), (7)

For yy (1), we opt for a simple network architecture,that can be indif-
ferently applied to all data types. This allows'fer a fair comparison
of the posterior estimators. We used,a fully connected architecture
with 3 dense layers of 256 neurons and, Rectified Linear Unit acti-
vations. In de Salis et al. (2025), werexplored complex deep neural
architectures to infer Xy ffom PS2D; we devote a similar study for
higher-order statistics tora=future work. For g,, we use the regular
NPE implentation in“the sB1 package (Tejero-Cantero et al. 2020).
For an optimal compression; p(Xyxly) should be identical to p(Xyy|t).
As such, we refer sintilarly to both distributions as ‘the posterior’.

When combining-different kind of statistics (ti,...,t,), we sep-
arately train the 'VMIM compressors and concatenate their respec-
tive outputs (¥71,...,¥n) into ¥ix..x»- Then, the NPE training is per-
formed on yix..x,. In the following, we will focus on combinations
of\\gaussian and higher-order statistics, in particular PS2D+Betti,
PS2D+Bispec, and PS2D+Betti+Bispec.

Through the simulation of ~ 15,900 independent mock lightcones
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Figure 5. Coverage test on the best-calibrated models for PS2D (cyan), Betti
numbers (gold), PS2D+Betti (pink),and PS2D+Betti+Bispec (green). For
each model we ran 20 TARP realisations,.and show medians as solid lines and
95% of the samples as shaded.regions.

and the various(noise\realisations applied to each (see §2.2 and
§2.3), we end up with a sample of ~330,000 (Xyj, t) pairs, of which
170,000 (30,000)are used for the VMIM training (validation), 60,000
(20,000)<for the NPE training (validation), and the remaining for test-
ing, Ao check the robustness of our approach, we train 30 independent
compressors and posteriors for each level of noise and kind of sum-
mary t,

4 RESULTS
4.1 Inference framework calibration

Assessing the calibration of the learnt posterior is critical for implicit
inference methods. We here use the test of accuracy with random
points (TARP, Lemos et al. 2023), an efficient method to detect
miscalibrated multidimensional posteriors. It provides us with the
expected coverage probability as a function of the credibility level,
&(a). We computed the empirical frequency py of (@) over K = 100
credibility level bins by bootstraping the TARP 40 times. Similarly
to Saoulis et al. (2025), we then computed the calibration error as
the mean squared error between py and the ideal py:

BRI A
C=— >[5 . 8
KZ,:‘( Pk ) ®

For an ideally calibrated posterior, (@) = @ and hence py = px = 1/K.
We computed the calibration error for all learnt posterior, and se-
lected for each summary (including combinations of summaries) the
posterior model that achieves the lower C. These best-calibrated pos-
teriors typically yield C ~ 0.002. In Fig. 5 we show the TARP outputs
&(a) for PS2D (cyan), Betti numbers (gold), PS2D+Betti (pink) and
PS2D+Betti+Bispec (green). Solid lines indicate the median from 20
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Figure 6. Figure of merit distributions for all tested summary statistics, from left to right: spherical power spectrum (PS1D), cylindrical power spectrum (PS2D),
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SKA-Low AA* noise level.

Table 2. Figure of merit comparison. The central part of the table shows log;, FoM for sets of summary statistics (single and combined). We quote for 100h
(top section) and 1000h (central section) SKA-Low AA* noise level, the 16th, 50th 84th percentiles of the FoM, distributions sampled over 4000 test mocks.
The right-hand side of the table shows the relative improvement of these quantities going from PS2D alone to.PS2D+Betti and PS2D+Betti+Bispec. The bottom
section of the table shows the relative change of the 50th percentile going from 100h to 1000h noise level.

log,o FoM Relative improvement (dex)
PS2D
noise ercen- . . PS2D PS2D . (PS2D+Betti) (PS2D+Betti
vl dles | PSID PS2D Bei  Bispec  pCo +Bispecy, TDet /PS2D +Bispec)/PS2D
+Bispec
100h 16th 3.40 3.39 3.58 2.22 3.73 3.40 3.79 0.34 0.40
50th 3.91 3.75 4.03 2.57 4.16 3.83 421 0.41 0.46
84th 4.30 4.17 4.40 3.11 4.50 4.29 4.55 0.33 0.37
1000h  16th 3.77 3.80 3.97 2.82 4.17 3.85 425 0.37 0.44
50th 4.10 4.26 433 3.39 451 4.28 4.54 0.25 0.27
84th 4.44 4.63 4.58 3.86 477 4.69 4.84 0.14 0.21
1000h
/100h  50th 0.19 0.51 0.29 0:81 0.35 0.45 0.33
(dex)

TARP realisations and shaded regions encompass 95% of the sam-
ples. From the figure we do not note any significant deviation from
the 1:1 line, meaning that these posteriors are unbiased and well cal-
ibrated. In the remaining of the paper;when referring to a posterior
estimator of a specific kind, wevin, fact refer to the best-calibrated
model for the corresponding sumniary.

To estimate the amount of \information provided by a posterior,
we employ the figurecof'merit (FoM). We empirically estimate the
posterior covarianee Coy[6|tg] for a test ty and obtain the FoM:

FoM = [Cov[6ita] /" ©9)

with N _the number of dimension of the posterior, 3 in our case, and
|| the.matrix de€terminant. Since the determinant scales as the N-th
power ofthe covariance matrix elements, in our definition the FoM
roughly scales as the inverse square of the standard deviation of the
posterior samples, or o~2. For instance, an increase of the FoM of
0.3 dex represents an decrease of ~ 40% on the uncertainty on Xgj.

For each model, we selected 4000 random ty samples from the test
set and measured the FoM of their associated posterior.

4.2 Comparison of constraining power of the statistics

We start by comparing the FoM distributions for all best-calibrated
models. In Fig. 6 we show from left to right the FoM distributions
from PS1D, PS2D, Betti, Bispec, PS2D+Betti, PS2D+Bispec and
PS2D+Betti+Bispec. The distributions are represented in both cases
of noise level, 100h (blue) and 1000h (pink). To help comparing the
distributions, we show the median (horizontal bar) and the [16th-
84th] percentiles interval (vertical bar). We also provide the values
of the median, 16th and 84th percentiles for all distributions in table
2. As expected, all distributions systematically shift upwards when
the observational time is ten times longer. The PS1D shows the
mildest improvement (0.19 dex) from 100h to 1000h, while PS2D
yields a 0.51 dex increase in FoM. The bispectrum has the biggest
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Figure 7. Posterior constraints on the 3D reionizationshistory (¥ui(z = 8.0), Xmi(z = 7.2), Xui(z = 6.5)) for our three reference mocks. Top-left: Comparison of
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of posteriors from PS2D (black), PS2D+Betti (red), and PS2D+Betti+Bispec (blue), all assuming 1000h noise. The mock is the Fiducial model (top-right), the
Early model (bottom-left), and the Llate. model’(bottom-right). The true values for each mock are indicated by the dashed grey lines.

increase (0.81 dex), but'temains significantly less informative than
other statistics.

For gaussian statistics alone, we observe that the PS1D and the
PS2D have roughly equivalent FoMs. At 100h, the PS2D is slightly
below, the,PSTD, but we observe an opposite trend at 1000h. This
shows that the PS2D is more informative than the PS1D, provided
that there is sufficient signal-to-noise. While quantifying the SNR
regime where the PS2D overtakes the PS1D would be useful, we
expect it to be dependent on the analysis setup. We hence devote the

study of this transition to future work, with more advanced modelling
(e.g. including foreground residuals and antenna calibration errors).

Then, looking at the higher-order statistics alone, the Betti numbers
appears to be more informative than the PS2D. However, this is
not true for the Bispec, which FoMs are about 1.5 dex below the
other summaries alone. Several reasons may explain this. First, the
bispectrum computation required an angular scale cut, excluding the
largest scales that are the most informative on Xy, as explained in
§2.4.2. Then, we computed the reduced bispectrum, in which 2pt-
information are cancelled out.

9202 |Udy 6Z UO Jasn pMANHS ZI9MUOSISSMPION 8nyosyooyyoe Aq 6/62998/6/ /6e1s/seluw/ce0 1 01 /10p/aoIie-a0uBAPE/SBIUW/WOD dNo-oIWspeoe//:sdny WoJj papeojumoq



Inference on 21-cm higher-order statistics 11

Table 3. Constraints on reionization history for the three reference scenarios: Fiducial, Early and Late; at the central redshifts of the simulated boxes. We vary
the statistics used (PS1D, PS2D, PS2D+Betti or PS2D+Betti+Bispec) and the level of noise (100h or 1000h). We quote the median and 68% confidence interval

limits.

Scenario  Statistics Noise level xu1(z = 8.0) xui(z =17.2) xui(z =6.5)
PSID 100h 0.614+0.025 0.446+0.026 02107092
0.023 0.024 0.023
PS2D 100h 0.623+0:923 0.446%002  0.217+50%3
0.013 0.012 0.009
Fiducial PSP 1000h 0.608f848}§ 0'440t3'813 0'213t8‘8ﬂ
+0. —+0. +0.013
PS2D 1000h 0.605*0013 0.436*0012  0.213+0913
PS2D + Betti 1000h 0.601*001)  0.433+0.014  0211+0.010
: 7 0.008 0.008 0.007
PS2D + Betti + Bispec ~ 1000h 0.606700% 04427008 0.21570:007
0.037 0.034 0.005
PS2D 1000h 0.52070937 0.2537093%  0.02370.90
Early PS2D + Betti 1000h 047770008 0233+0.011  0.022*300
PS2D + Betti + Bispec  1000h 048670019 0.2367000  0.02370902
PS2D 1000h 0.709*0:012 0.57270012 0.402+0.018
Late PS2D + Betti 1000h 0.704+0.011 0.564+0.010 0.393+0.011
PS2D + Betti + Bispec ~ 1000h 0.709*0008  0.572+200%  0.401+0.013

Lastly, we look at the FoMs for combined statistics. The
PS2D+Betti median is improved by 0.25 (0.18) dex with respect
to PS2D (Betti) alone. These summaries hence contain complemen-
tary information on Xyj. The PS2D+Bispec also slightly improves
on PS2D alone (0.02 dex for the median), even if the bispectrum
alone is much less constraining Xgy. This is in fact not unexpected
as the reduced bispectrum captures only non-gaussian information,
while the PS2D is restriced to gaussian information. There combina-
tion can only improve the quantity of information available on xy.
Finally, the combination PS2D+Betti+Bispec appears to be the most
informative one. The median FoM is improved by 0.27 dex with re-
spect to the PS2D alone. Interestingly, the combination of statistics
benefits more to the lower end of the distribution (the 16th percentile
is increased by 0.37 and 0.44 dex respectively for PS2D+Betti and
PS2D+Betti+Bispec).

The weak contribution of the bispectrum was also found in other
studies. Watkinson et al. (2022) inferred the simulation parameters
using the isosceles triangle configuration bispectrum, and found that;
while it may provide complementary constraints to the power spec-
trum in an idealised case, its information is severly reduced when
sample variance and SKA-Low instrumental noise are introdueed in
the analysis. Recently, Krishna et al. (2026) inferred &y using the
power spectrum combined with the full and not reduced bispectrum,
and also found a mild contribution from the bispectrum.in the pres-
ence of instrumental noise. Our findings are‘hence.consistent with
these works. We also recall that the bispectrim is the statistic with the
strongest increase of FoM from 100h to 1000h(0:81dex), suggesting
that the noise is a key factor to unloek the bispectrum information.

4.3 Posterior constraints for.reference scenarios

Having compared the'overall FoM distributions, we now examine the
detailed 2D andA1D posterior constraints for our reference mocks,
presented in Fig. 7,7along with the corresponding constraints on
Xy in Table 3. The-top-left panel of Fig. 7 focuses on the Fiducial
mock, comparingsthe posteriors obtained from the PS1D and PS2D
statistics ‘at both 100h (dashed lines) and 1000h (solid lines) noise
levels. As expected, the deeper 1000h observation yields significantly
tighter constraints in all cases. We find that at 1000h, the constraining
power of PS1D and PS2D is comparable. However, for the shallower
100h observation, the PS1D provides slightly better constraints than

the PS2D, which is consistent with the FoM.disttibutions for lower
signal-to-noise ratio data we saw in Fig. 6.

The remaining three panels investigate the gain'from adding non-
Gaussian statistics, assuming the deep.4000h SKA-Low observa-
tion. Since PS1D and PS2D are comparable at this noise level, we
use PS2D as the fiducial Gaussian baseline (black). The top-right
panel shows these results for the'Fiducial mock, the bottom-left panel
for the Early mock, and the bottom-right panel for the Late mock.
Each of these plots compares the constraints from PS2D (black)
against those from PS2D+Betti (red) and the full combination of
PS2D+Betti+Bispee (blue). In general, adding non-Gaussian infor-
mation impfoves the Constraints. For both the Fiducial and Early
models, the posteriors shrink significantly when Betti numbers are
included; in the case of the Early model they shrink further with the
addition of 'the bispectrum. This demonstrates the complementary
nature ofithese statistics. For completeness, we provide in Appendix
A"a.comparison of all the individual statistics on the Fiducial model.

However, we observe an interesting exception in the Late model
case (bottom-right). While adding Betti numbers (red) still provides
a substantial improvement over PS2D alone, the full combination
including the bispectrum (blue) results in a weaker constraint, with
a posterior volume larger than that from PS2D+Betti alone. This
suggests that the constraining power of a given statistic may not be
uniform, but rather depends on the underlying reionization history
(i.e., the neutral fraction). We explore this dependence in detail in
the next section.

4.4 Dependence of constraining power on reionization state

The results from the Late model in Fig. 7, where adding the bis-
pectrum to the PS2D+Betti combination unexpectedly degraded the
posterior, suggest that the constraining power of different statistics is
not uniform. This motivates a more detailed investigation into how
the reionization state, i.e., the average neutral fraction Xy, impacts
the relative performance of our summary statistics. To explore this,
we use our full test set of mocks. Fig. 8 plots the relative FoM for the
1000h noise case as a function of the neutral fraction at z =7.2. We
use the PS2D+Betti combination as a reference (FoM,.r) and plot
the log-ratio of the FoM for other statistics relative to it. The faint
crosses show individual mocks, while the red bars show the binned
median and [16th-84th] percentile range.

The panels in Fig. 8 reveal the complementary nature of the statis-
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Figure 8. Relative improvement of the figure of merit as a function of the xg; value in the central frequency range, for the 1000h noise level case. The reference
posterior is PS2D+Betti across all panels: this makes all point of comparisons only one step away from the reference (i.e., one statistic is either remoyed or
added). From left to right, we show the relative FoM of the posteriors from PS2D, Betti, and PS2D+Betti+Bispec. The ratio FoOM/FoM;. for each-test mock is
represented as a function of xp(z = 7.2) (black crosses). We divide the data points into five gy bins and show the median (horizontal red bar) and.the (16th,
84th) percentiles interval (vertical red bar). In green we show the region where the additional summary leads to a gain in constraining power:

tics and their state-dependence. The left panel shows the performance
of PS2D relative to PS2D+Betti. The ratio is on average well below
zero (log1o(FoM/FoMf) < 0), confirming that Betti numbers pro-
vide significant, complementary information at all stages of reioniza-
tion, as FoMpsop < FOMpgop+Bei- This improvement is most pro-
nounced (around 0.4 dex) at low-to-mid neutral fractions (Xgy < 0.6).
Similarly, the middle panel shows the performance of Betti numbers
alone. As expected, this ratio is also consistently below zero, indi-
cating that the PS2D adds crucial information not captured by Betti
numbers, especially at high neutral fractions (Xyg; > 0.6) where the
red line dips lowest. Moreover, it is worth noting that for Xy < 0.2,
Betti numbers alone yield similar FoM than PS2D+Betti. The right
panel is the most revealing, showing the effect of adding the bispec-
trum (PS2D+Betti+Bispec) relative to our reference. In agreement
with Fig. 6 and Table 2, the PS2D+Betti+Bispec only mildly im-
proves on PS2D+Betti. However, this improvement depends on the
neutral fraction. At low-to-mid neutral fractions (Xgy < 0.6), the ratio
is centred around zero, indicating that on average the bispectrum
adds no relevant information. The result observed for our Late’‘model
(%u1 = 0.70,0.56,0.39) corresponds to one of the dark crossesibelow
01n the central Xy bin. However, at high neutral fractions (Xg 2 0:6),
the binned median trends above zero. This indicates that for highly
neutral scenarios, adding the bispectrum in general.brings some new
information. Still, dark crosses lying below 0 in‘the right panel shows
that adding the bispectrum can be detriméntal for some particular
cases. This unlucky negative contribution from higher-order statis-
tics was also found in Semelin et al.«(2025), using the pixel density
function to improve constraints the astrophysical parameters.

5 SUMMARY AND CONCLUSIONS

In this work, we have used.an implicit inference framework to forecast
constraints on the reionization history, parameterised by the average
neutral fraction ¥gp-at three distinct redshifts (z = 8.0,7.2 and 6.5).
We specifically focused on the added value of higher-order summary
statistics—the bispectrum (Bispec) and Betti numbers—when com-
bined with the power spectrum, in the context of upcoming SKA-
Low observations. The bispectrum, for which we focused on the
equilateral and squeezed-limit configurations, probes the three-point
correlations and non-Gaussianity of the field, while Betti numbers

capture its topological structure, such as the connectivity of ionised
or neutral regions in the 21-cm signal.

Our primary finding is that higher-ordeér statistics contain signif-
icant, complementary information tospowet spectrum. To quantify
this robustly—a necessary strategy given that the true reionization
history is still loosely constrained—we evaluated the figure of merit
(FoM) over our entire test set tather than relying on only a few
example mocks. Thispmetricyywhich is inversely related to the pos-
terior volume, showed that"the FoM for constraints from the 2D
power spectrum \(PS2D) alone was consistently and significantly
improved byradding Betti numbers (PS2D+Betti). The bispectrum
(PS2D+Bispec).also improved constraints over the PS2D alone. This
statistical improvement was also visually confirmed by our analysis of
the full posterior constraints for our reference mocks (Fig. 7), where
the PS2D4Betti combination yielded much tighter posteriors than
the,PS2D alone, for both 100h and 1000h observation times. This
highlights that the topological and three-point information is largely
independent of the two-point information in the power spectrum.

However, we also find that the constraining power of a given statis-
tic is not universal, but depends on the reionization state itself. This
was most evident with the bispectrum. Our analysis of the full test
set (Fig. 8) showed that while PS2D+Bispec improves on PS2D, its
benefit varies. The full PS2D+Betti+Bispec combination, which we
tested on our reference mocks, provided the tightest constraints for
the Early and Fiducial models, but it degraded the constraints for
the Late mock (Fig. 7). Fig. 8 confirmed this trend, showing that the
bispectrum adds information in low-to-mid neutral fraction scenar-
ios (¥yr < 0.6) but can degrade the FoM in highly neutral regimes.
This is a critical finding, as it implies that the optimal choice of sum-
mary statistics for 21-cm cosmology is state-dependent and must be
carefully considered for the specific epoch being probed.

Our analysis, while comprehensive in its comparison of statis-
tics, has limitations. We have not included other significant sources
of observational contaminants, such as foreground residuals or data
calibration errors. These are known to be important; for example,
Greig et al. (2024) showed that foreground mitigation could reduce
the constraints from the PS2D by a factor of a few. While we refrained
from including them here to reduce the complexity of the data model,
we acknowledge their importance. With several state-of-the-art fore-
ground mitigation methods being developed (e.g., Mertens et al.
2024; Acharya et al. 2024), a crucial next step will be to understand
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the impact of their residuals on non-Gaussian statistics, a task that is
not yet well understood and is beyond the scope of this work.

Furthermore, our inference framework was trained and tested us-
ing the same simulation code, 21cMFAST. It is possible, and indeed
likely, that the true universe is not perfectly represented by this simu-
lation. This “model misspecification” is a known challenge (e.g. Zhou
& La Plante 2022). Classical likelihood-based studies (e.g., Greig &
Mesinger 2015, 2017; Ghara et al. 2020, 2021; Giri & Schneider
2022; Schneider et al. 2023) often account for this by including a
“fudge factor” or “modelling error” term to account for theoreti-
cal uncertainties, including differences between different simulation
codes; this however delivers conservative posterior contours, which
weaken the constraining power of the analysis, and is not guaranteed
to produce accurate inferences. Our current SBI framework does not
include such a term, and has not been tested on observations from
different simulators. Exploring the impact of model misspecification
on our higher-order statistics constraints is a critical problem that we
will explore in a future paper.

A key motivation for our implicit inference approach is the na-
ture of the reionization history itself. The 21-cm signal is a direct
probe of the IGM, and Xy is one of the most important properties to
infer. However, the reionization history is a derived quantity of the
underlying astrophysical model, not a direct input parameter. This
makes it challenging to employ classical MCMC methods, which are
designed to sample input parameters. Consequently, previous studies
(e.g., Gharaetal. 2020, 2021, 2025; Greig et al. 2021a,b) interpreting
the available upper limits on the 21-cm power spectrum have typi-
cally inferred the ionising source parameters first, and then mapped
those posterior constraints onto a derived reionization history. While
some new frameworks have been developed to parameterise IGM
properties directly (e.g., Mirocha et al. 2022; Ghara et al. 2024), they
are at an early stage and do not yet capture the complex mechanisms,
such as feedback, that modulate the reionization scenarios. Our SBI
framework bypasses this step by learning the latent space that max-
imises the mutual information between the reionization history and
the observed data, thereby directly inferring the reionization history
and optimising the information extraction.

Our work joins a growing body of research using implicit infer-
ence to move beyond the power spectrum. For instance, Semelin et al:
(2025) also demonstrated the power of combining statistics, showing
that SBI could effectively merge the power spectrum and-thewPixel
Distribution Function (PDF) to achieve tighter constraints than ei-
ther statistic individually. This parallels our own findingsiwith the
PS2D+Betti combination, which similarly combined-aFourier-space
and a real image-space summary statistic. Other'studies have focused
on different non-Gaussian compressors, such as applying SBI to the
full 3D image compressed by a 3D Convolutional Neural Network
(CNN, in Zhao et al. 2022) or, morerecently, by a Wavelet Scattering
Transform (WST, Zhao et al. 2024). Thes¢ works found that non-
Gaussian compressors outperformeédsan SBI analysis applied to the
power spectrum alone. These,studies, along with our own, converge
on a key conclusion: while.SBI is a powerful framework, its true
potential is unlocked‘by combining higher-order statistics (like Betti
numbers, bispectra, or WST), that capture the complex, topological
information of reionization, with the power spectrum.

Finally, ourimplieit inference framework is one of several promis-
ing deep learning approaches. In a recent, related study by our
collaboration (de Salis et al. 2025), we directly compared different
deep learning methodologies, testing various architectures including
CNNs, Multi-Layer Perceptron (MLP) Mixers, and an SBI frame-
work. That work focused on the task of inferring ¥y from the 2D
power spectrum alone. We found that the SBI approach was highly
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competitive, achieving a performance (e.g., R? ~ 97.4%) nearly on
par with the best-performing, specialized 2D CNNs. This reinforces
our finding that implicit inference is a robust and effective method
for this inference task. The fact that our collaboration has already
demonstrated its performance on the PS2D alone further supports
the present results, which show that its predictive power is enhanced
when incorporating higher-order summary statistics.

In conclusion, we have demonstrated that an implicit inference
framework capable of combining diverse summary statistics is a
powerful and necessary tool for 21-cm cosmology. The combina-
tion of the power spectrum with non-Gaussian probes—specifically
the Betti numbers and, in most regimes, the bispectrum—provides
significantly tighter and more robust constraints on the reionization
history than the power spectrum alone. This hybrid, multi-statistic
approach, which our work validates, will be crucial for maximizing
the scientific return from the 21-cm tomographic data expected from
the SKA-Low.
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APPENDIX A: POSTERIORS FROM HIGHER-ORDER
STATISTICS ALONE

In Section 4.3 we have compared the constraints.on reionization for
our reference scenarios from different combinations of statistics. For
completeness, here we compare the constraints from each statistics
alone. In Fig. A1 we show the posteriors for PS1D, PS2D, Betti and
Bispec on the Fiducial reference mock. We note that the bispectrum
is significantly less informative, than the others statistics, while the
Betti numbers yield slightly tighter constraints than the 2-pt statistics.
These observations. arenin agreement with the global FoM trends
shown in Fig. 6/
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Figure A1. Posterior constraints on the 3D/reionizatien history (X(z = 8.0),
xur(z = 7.2), Xg1(z = 6.5)) for the Fiducial mock at 1000h of noise level. We
show the results for each statistic alone: PS1D+(coral), PS2D (black), Betti
(green) and Bispec (pink).
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