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Multi-Resolution Autonomous Linear State Space
Filters for N-Dimensional Signals

Christof Baeriswyl
Alexander Bertrand

Abstract—Linear filtering or convolution operations can be
computationally expensive, especially in low-resource environ-
ments, high data rate applications, or scenarios involving large
datasets. In particular, for multi-dimensional signals, the compu-
tational cost scales polynomially with the kernel size. In this
paper, we propose the use of multi-dimensional Autonomous
Linear State Space Models (ALSSMs) to reduce the computa-
tional complexity of convolution and correlation operations on
N-dimensional signals and extend the method to (windowed)
least-squares filters. For that, we work in an ALSSM subspace
and provide efficient recursive computation rules that signifi-
cantly improve the efficiency of those filters. In addition, we
provide various window functions and demonstrate paralleliza-
tion of computations and reuse of intermediate results for multi-
resolution analyses. Our method is particularly interesting for
systems with limited resources, such as battery-powered and
wearable devices, or when (real-time) processing of very large
data sets is required, such as in the field of image processing and
machine learning. We conclude with several practical examples,
with ready-to-use implementations of the proposed methods as
an open source Python repository.

Index Terms—Linear filtering, inner products, convolution,
cross-correlation, N-dimensional signals, subspaces, autonomous
linear state space models, multi-dimensional models, localized
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1. INTRODUCTION

HE inner products of two signals, where one of the signals

is repetitively shifted in a sliding window manner, forms
the basis of many linear and non-linear filters. An immediate
application for this is the convolution to apply a linear time-
invariant (LTI) filter. Another relevant application is windowed
or localized least squares problems, where the signal interval
of interest is continuously shifted along a signal in the form of
a sliding window. However, such applications are often limited
by the computational complexity of their calculations, in par-
ticular for real-time or low-resource applications. This problem
becomes even more critical in the case of multi-dimensional
signals due to the exponential increase in the number of pa-
rameters.

In this paper, we scale down such problems by linear pro-
jection and work in a subspace of the signal vector space.
We show that defining subspaces by Autonomous Linear State
Space Models (ALSSMs) leads to efficient recursive compu-
tation rules for inner products applied in a sliding window
manner, which considerably reduces the overall computational
complexity in particular for multi-dimensional signals.

The use of ALSSMs as single-channel signal models has
already been studied extensively for least squares problems in
the past in [1], [2], [3], [4], [5], [6], [7], [8] and has been
used in many practical applications [9], [10], [11], [12], [13],
[14]. So far, multi-channel signals have commonly been pro-
cessed as a series of single-channels, and the results com-
bined in a second step, e.g. by adding up the fitting costs
[6], [7], by combining per-channel fitting cost ratios [13], or
by summing up per-channel filter outputs [14]. A first ba-
sic example of directly using two-dimensional ALSSMs for
image processing was recently presented [15], but a general-
ization to arbitrary signal models and arbitrary dimensions is
currently lacking.

In other applications, such as multi-resolution analyses, as
required for wavelet transforms, image compression, multi-
scale decomposition and similar algorithms, ALSSM, to our
knowledge, have not yet been explicitly used. Today, multi-
resolution algorithms are mostly based on filter banks of various
window lengths [16]. However, such algorithms often scale
unfavorably with the signal and filter lengths and in higher
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dimensions. Nevertheless, some filter bank algorithms already
increase algorithmic efficiency by sharing intermediate results
between the single filters, as for example the fast Fourier trans-
form (FFT) [17] or the fast wavelet transform [18] do. However,
FFT is a lossless method and is only advantageous for longer
windows due to the overhead involved in its calculations [19],
[20], while our proposed method, which works in subspaces
with lower dimensions, benefits from highly efficient (lossy)
signal approximations and can be more flexibly adapted to the
actual data or problem in order to achieve further computational
benefits.

A. In Summary

In this paper, we propose a framework to recursively
compute inner products and related operations for one- and
multi-dimensional signals based on ALSSM subspaces. We
derive the computation of inner products (y,y’) for discrete-
time, one- and multi-dimensional signals y and y’ in an
ALSSM subspace and provide recursive computation rules to
evolve from k to k + 1 such as

Yotkr ¥') — Wotht1,Y')- (1

where yo4 denotes the shifted version of y by £ samples.
From that, we extend to related methods, such as signal
convolution

(y*h)k = (y*h)esr )
with impulse response h, and the least squares problem

argmin||Ax — y.+k||2 — argmin|| Az — y.+k+1|\2 3)
x xr

with design matrix A and coefficient vector x applied in a
sliding window manner. We provide new insights into the com-
putational efficiency of these methods, and derive computation
rules allowing sharing of computations across different dimen-
sions and/or scales in multi-resolution settings. Furthermore,
we provide a new insight into the robustness of ALSSMs in
inner product computation, even for cases where one of the two
signals involved is poorly represented in the ALSSM subspace.

In Section II of this paper, we start with one-dimensional
signals and a brief introduction to ALSSMs and ALSSM sub-
spaces, and continue with inner products and norms in such
subspaces. In Section III, we build on these inner products
and subspace norms to derive recursive rules for signal con-
volution and for least squares problems. In Sections IV and
V we generalize these concepts to multi-dimensional signals
and advanced window shapes which are of particular interest in
localized least-squares problems, and complete our framework
in Section VI with multi-resolution analysis methods as used in
many filtering applications. Finally, the paper concludes with
three practical examples using real-world data from various
fields including medicine in Section VII and with additional
examples in the supplementary material.

An implementation of the proposed method is published
online as ready-to-use examples written in Python [21].
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B. Notation

The notation ¥y, indicates the sample at index k of a signal y.
For multi-dimensional signals, we use bold index tuples such
as k= (k1,...,kr) to index an L-dimensional signal.

To indicate shifted or reversed version of discrete-time sig-

nals definedon Z suchasy =[...,y_1,¥o0, Y1, Y2, - - -], We sub-
sequently use the dot-notation
York = [ oy Ukm1y Uk Ukt1, Uki2, -] “4)

For example, yo_; then indicates the signal shifted to the right
by one sample and y_, the time-reversed signal. We will also
apply this notation to multi-dimensional signals where k is an
index tuple, as we will see later.

Further, we introduce the element-wise power of a signal y =

[...,Y—1,Y0,Y1,Y2, ... by areal number ¢ which is
yoqé["wygD y87 y1117 yga] (5)
with trivial special case y°®=[...,1,1,1,...]=1. The

element-wise power for multi-dimensional signals or matrices
Y°¢ is analogous.

Finally, we define the Kronecker power for a vector x by a
non-negative integer q as

1220 @, (6)
—_———

q times

with special and trivial case 2®° = 1. For vectors z € R we
get 2%¢ € RE" and for a matrices X € RE*XM we get X ¢
RExM e. Concerning the order of operations, the Kronecker
power operation is to be evaluated analogously to exponentia-
tion, i.e., before matrix multiplication.

II. INNER PRODUCTS IN ONE-DIMENSIONAL
ALSSM SUBSPACE

A. One-Dimensional ALSSM Signal Models

The output of a time-invariant Autonomous Linear State
Space Model (ALSSM) of order N is defined as

Tjp1 = Ax; )
Yj = cx; ¥

RNXN RIXN

with transition matrix A € , output vector ¢ €
state vector ; € R¥, and initialized at index j = 0 by the initial
state x(, subsequently simply denoted as x. Note that A and ¢
are a fixed matrix and vector that together define the ALSSM
for a given initial state. Substituting (7) in (8) leads to the closed
form model

si(r) =cAlz €R. 9)

The initial state  also forms a real vector space of dimension
N, and the ALSSM output (9) forms a subspace of the signal
space.

The key idea is to project localized signals, i.e. signals within
a fixed interval or window, into this ALSSM signal subspace
to make manipulation of signals computationally more effi-
cient. For this, A, c are chosen such that the resulting ALSSM
subspace holds a good approximation of y;. It is known that
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Fig. 1. Local approximation of a bioelectrical signal using ALSSMs. The

arbitrary signal (black) is approximated by a 3rd order polynomial using the
output of an ALSSM (blue) over the interval 7 € {—50, - - - , 50}. Therefore
the model s;(x) from (9) is parametrized with matrices A and ¢ from
(10) and (11) respectively, and with (estimated) initial state x = [5.79 X
1072, —6.91 x 1073, —1.23 x 1075, 1.19 x 10~°]T. The dashed blue
lines illustrate the progression of the polynomial model beyond the interval
limits.

many general signal models have an ALSSM representation,
including (piecewise) polynomials, sinusoidals, exponentials,
and sums and products thereof [5], [7]. (For more details on
optimal A and ¢ parameter selection or for learning of those,
please refer to dedicated literature such as [3], [7], [22]). Once
an ALSSM subspace is defined, the signal approximation is
encoded by its initial state x which is mostly estimated e.g.,
using the least squares minimum (cf. later in Subsection III-C).
Fig. 1 provides a trivial example, where a bioelectrical signal
is locally approximated over a fixed interval by a 3rd order
polynomial. For that, signal model (9) is parametrized using
the Jordan form for polynomials (cf. [7, Section 3.3.1]) with

1100

A= 8 (1) 1 (f e R**4, (10)
0001

c=[1 0 0 0] eR™ (11)

and with = € R%.

B. Inner Product for One-Dimensional Signals

We consider the weighted inner product of two signals y and
y' defined on Z,

(York: ¥ )y = Z wiyi+kY; ER,
j€Z

12)

with window weight factor w; € R, . To find efficient compu-
tation rules for (12), we assume that one of the two signals can
be approximated with an ALSSM, i.e. we will assume that 3’
is close to ¢/, where

” {sj (z) for

- 0 else,

<j5<b
ax~]x0, (13)

=
with interval borders a, b € Z and with s;(z) as in (9) with fixed
initial state vector x. (We will demonstrate later in Subsection
III-C how to efficiently approximate y’ by an ALSSM signal g’
using the least squares optimum.)

We also note that it is sufficient if only one of the two signals
in the inner product (12) can be approximated by an ALSSM,
of which we will provide a proof in Section II-D.
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In order to enable recursive calculation rules, we will select
an exponentially decaying window, i.e., w; =7 with v € R
(setting v = 1.0 results in an unweighted Euclidean inner prod-
uct, i.e., a rectangular window). Note that this is without loss
of generality, as we will later show in Section V-D that sev-
eral other popular windows can also be implemented without
breaking the recursion.

Hence we get

Yotk 1) =Y Vyjrn il €R (14)

JEZL

b .
=) Yy s;()

j=a

T
=z {(k,y), (15)

based on the sum term
b

Ek,y) 2> AV yjn(cA))T eRY. (16)

j=a

The recursion for £(k,y) — £(k + 1,y) then follows in accor-
dance to [4] as

Ek+1y)=7"ATTE(k,y) — v (A T Yrga
+ Vb(Ab)TCTyk+b+1~

We note that, while the computational complexity for (14)
is O(M) with M =b — a + 1 the length of the support of ¢/,
the complexity for (15) is reduced to O(N), with dimension
N of the state vector x. For the recursive sum term (17) the
complexity is O(NN?) when using a general matrix A, and is
reduced to O(N) if A is (block) diagonal, which is e.g. the case
for polynomial signal models [7], [Section 3.3.1]. In summary,
working in an ALSSM subspace renders the computational
effort for an inner product independent of the signal length M.

a7

C. Generalization to Ly Norms

The concept of recursive computations of inner products
in a sliding window manner as in (12) can be translated to
the computation of weighted and sliding Lo norms such as
|Yot51% = (Yotk, Yotk),,» Which extends the field of applica-
tions to least squares problem solving, as discussed in [4] and
later in Section III-C. For this, we generalize (16) to (element-
wise) powered observations, modifying the sum to

k+b

€0(ky) & D0y (A% ) erY!
i=k-+a

(18)

with the recursion for £ (k,y) — £ (k + 1,y) given in Ta-
ble I and according to [5] (with slightly modified notation). Note
that for ¢ =1 the sum term (18) becomes (16). Furthermore,
choosing ¢ =0, 1, or 2, we gain the following useful relations
to inner products and Lo norms:

Yoths Yoirk) o = |[Yossl|2 = EO (K, y) (19)
Yorhs §)y = 27 E€D (k,y) (20)
@) =712 = @)@ (k,1). @1
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TABLE 1
ONE-DIMENSIONAL RECURSIVE £ TERM COMPUTATIONS IN FORWARD AND BACKWARD DIRECTION FOR EXPONENTIAL WINDOWS

Recursions over input dimension (index k) for q € {0, 1,2} with ALSSM parameters A € RNXN ¢ ¢ RIXN v ¢ Ry, N € N,a,b € Z for
k+b
5(Q) k,y) Z y ®q 'YA®q i— k) c RV?
i=k+a
Direction Recursion Example
£O (k+1,y) =7 1O (ky) —v* 12+ 1 ¥ W (k,y) — €W (k+1,y)
”Forward” -
k—k+1 5(1) (k:+1,y) _ 7—1A—T5<1) (k,y) _ ,ya—lyk+a(cAa—1)T + ,ybyk+b+1(cAb)T T TII I LY
v>1 g T
E®) (k+1,1) = 71 (492) TE® (k, 1) — 921 (52(452)0 1) T 492 (e22(422))T | TS ;
£O (k—1,9) = v€O (k,y) + v v2 01 — VT ¥i, EM(k,y) — M (k—1,y)
”Backward” e
k—k—1 5(1) (kay) _ ,YATé(l) (k, y) + 0 yk+a71(CAa)T — At yk+b(CAb+1)T TT I I T Y
y<1 s
T T T
5(2) (k‘_lvﬂ) :'Y(A®2)T€(2) (k‘,ﬂ) +,Ya(c®2 (A®2)a) _,Yb+l(c®2 (A®2)b+1) o A i
The first equation is the trivial case where no ALSSM is used = (Py, Py') + (Pty, Py') = (Py, Py'), (24)

(i.e. it is the standard Ly norm of y over a window). The second
equation is equivalent to (14)—(16), while the third equation is
obtained when replacing y with a copy of the ALSSM for ¢’
in (14)—(16). The computational complexity of (19)—(21), not
including (18), is O(N?). However, applying an appropriate
state transformation to the ALSSM first can further reduce
the computational load such as to O(N) for £ (k, 1), cf. [6,
Section 4.3.4].

Also note that (18) is a generalization of our previous work
[5] with the correspondences ki, = £ (k,Y), & = €M (k,Y),
and vec(W},) = £()(k, 1). A proof for vec(W},) = £ (k, 1) is
given in the supplementary material in Section A. IIL.A.

D. Inner Products of Subspace Signals

The inner product as in (14) depends on 3’ being an element
of an ALSSM subspace. However, for the recursive calculations
proposed in the previous section, the second signal y is also
(implicitly) projected into the same subspace. We will see that,
remarkably, this does not introduce any further inaccuracies to
the results if the ALSSM is a proper model for only one of the
two signals, i.e., if ||y — g|| or ||y’ — ¢'|| is sufficiently small.

Theorem 1 (Inner product of subspace signals): Let y and v/
be two signals in a full signal space, and P a projection matrix
such that § = Py and ¢’ = Py’ with § and ¢ elements of an
ALSSM subspace of the original signal space. Then, we get
the equality

(. 9") =0, 9") = (0,9, (22)

e., the inner product with only one signal projected to a
subspace is equivalent to the inner product with both signals
projected.

Proof: Based on the Hilbert projection theorem [23], if P
is a projection matrix to a subspace S of a vector space V' and
P the projection matrix to the orthogonal complement of S,
we get

(y, Py') = (Py + Py, Py') (23)

since the inner product of orthogonal vector (P1y, Py') is
zZero. ]
Theorem 2 (Accuracy of inner products in subspace): Let
y and y’ be two signals in a full signal space and 3 and 3’ the
respective projections in a common ALSSM subspace. Then,
the upper boundary for the deviation of the inner product when
derived in the subspace instead of the full space is
(25

Ky 9" ) = @90 < lly =9l - Iy = 7'

As a consequence, it is sufficient to have either ||y — || = 0 or
[ly' —§'|| =0 to guarantee (y,y') = (g,9’) with equality for
either y =g ory =7¢'.

Proof: Theorem 2 is a generalization of Theorem 1 with

|<y7y/> - <gvyl>| = ‘<Q+ (y _g)ag/+ (y/ _gl)> - <g?g/>|
=y =9,y =9
<lly—all-lly =l (26)

applying the orthogonality property of projection for the second
line (with the consequence that (9,9’ —¢') =0 and (§',y —

§) = 0 since ¢ and §' are elements of the same subspace), and
the Cauchy-Schwarz inequality for the last line. |

An intuitive explanation for Theorem 1 and 2 is as follows:
The inner product as in (14) involves two vectors, one of which
lies in a lower-dimensional subspace of the vector space where
the inner product is computed. However, projecting onto this
subspace explicitly zeros out (after appropriate space rotation)
the orthogonal complement dimensions, rendering those di-
mensions irrelevant for the inner product result. Or, to phrase
it differently, inner products are only affected by dimensions
which are non-zero in both vectors.

The consequences of Theorems 1 and 2 are demonstrated
impressively in Fig. 2, illustrating that it is sufficient to have
one of the two signals in an inner product well approximated
by an ALSSM subspace.
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s ‘\\ TN yxh
/ .
I / S~ e \‘\\\~ === yx*xh
104 L
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7 ~ .
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&
Fig. 2. Example of one-dimensional discrete-time convolutions and correla-

tions in signal space and an ALSSM subspace spanned by a straight line model
(ALSSM of system order /N =2 with interval borders a =0 and b = 20.
The ALSSM signal is assumed to be zero elsewhere). The top plot shows
an impulse response h (solid grey line) and its projection into the ALSSM
subspace (dashed blue line) at time index 0. The second plot shows the input
signal y (solid grey line), and examples of the local projections to the ALSSM
subspace Uo_j shifted by k samples (dashed blue line). The third plot shows
the comparison of the convolution (y * h) and (g * ]iL).A The last plot shows
the comparison of the cross-correlation (hxy) and (h* §). This example
shows that, if only one of the two signals is sufficiently well approximated
by the ALSSM subspace (while the other one is not), the resulting convolution
and correlation are still very accurate. We provide a mathematical proof for
this fact in Section II-D.

III. APPLICATION TO ONE-DIMENSIONAL SIGNALS

The following applications apply linear filtering on one-
dimensional signals. It is assumed that appropriate measures,
such as zero padding, are taken to prevent bias towards the edges
of the signal.

A. Cross-Correlation

Let y be an input signal of arbitrary length and ha signal
in the ALSSM subspace WiAth ALSSM initial state vector x,

subsequently denoted as x(h). The cross-correlation between
these two signals at sample-shift k is then

b
(Y% 1)k = Wik 1)y = D Y ys4nh;
j=a

=x(h)T¢(k, y),

which for v ~ 1.0 is the unweighted cross-correlation. An ex-
ample of this is provided in Fig. 2.

27

B. Convolution

The convolution is in principle a cross-correlation with a
time-reversed signal. Let y be an input signal of arbitrary length
and h a signal in the ALSSM subspace. (For LTI filters, h
corresponds to the filter impulse response). The output at index
k for the convolution of these two signals is then

b
(y * il)k = Z'ijkfjﬁj
j=a
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A b . .
=a(W)"> Yy jin(cAl)T
j=a
=z(h)TE(k, y—e: 0) (28)
=a2(h)"E(k,y; 07 (29)

with parameters 6 = {A, a,b,~} for the first option (28) and
with parameters 0~ = {A~!, —b, —a,y~'} for the second op-
tion (29) with the assumption that A~ exists. For the sake of
clarity, we here append the parameter set 6 to the sum term (16)
which is a collection of otherwise implicit parameters (ALSSM
output vector ¢ is not an element of the list since it remains
unchanged for all sum terms). While the first option takes a
time-reversed input signal, the second only inverts the ALSSM
parameter set. This second option is of particular interest for
causal online and low-memory convolution implementations.
Fig. 2 provides a convolution example.

C. Least-Squares Signal Approximation by an ALSSM

ALSSMs are mostly used for local, i.e., windowed signal
approximations, as their outputs are in general not bounded.
We here consider the Ly cost as in [5], which is

k+b ) 9
Tk, x) =Y 4 yi — sir(2)]
i=k+a
=||ye+r — 9II2, (30)

with signal y, signal model § with §; = s;(z) = cA7z asin (13)
with ALSSM initial state x, finite or infinite boundaries a, b €
Z,a < band a decay factor v € R.. The cost (30) then expands
to

T (K, 2) = |yetkll? = 2(Wetns 0)y + 1312
=0 (k,y) — 227¢W (k,y) + (%) TP (k, 1),
31)

where the last step follows from (19)-(21). This cost is then
minimized by the optimum initial state

]Ajk = argmin Jg(k, x) = Wk_l f(l) (ka y)7 (32)

with

vee(Wy,) = €@ (k,y) = €@ (k, 1) (33)

where vec(W},) denotes the vectorized form of W), obtained
by stacking the columns of the matrix W}, on top of one an-
other, and with 1 denoting a signal or vector of ones with
equal dimension as ¥ (since y°° = 1). We note that £ (k, 1)
does not dependent on the input signal and reaches a steady
state. Therefore, for all experiments in this paper, W, = W is
assumed to be constant, and W~ ! = W1 is precomputed. The
recursions for £(9) (k,y) — &9 (k + 1,y) are listed in Table L.
(Despite being constant in this work, the recursion for £€2) (k, 1)
is also listed. This becomes relevant when costs with weighted
samples are introduced, as proposed in [5], where W}, can no
longer be assumed to be constant.)

Note that the optimum state estimate &3 from (32) can di-
rectly be used as the ALSSM signal approximation in (15), i.e.,
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no additional projection step is needed from the signal space
to the ALSSM space. Finally, (30) is a recursively computable
form of (3) for any .4 which can be modeled by an ALSSM, i.e.,
for any A with rows represented by cA’ (with j incrementing
with row index).

IV. INNER PRODUCTS IN MULTI-DIMENSIONAL
ALSSM SUBSPACE

In the following section, we extend the inner product for
single-dimension signals from Section II to multi-dimensional
input signals, thereby also generalizing the correlation, convo-
lution and least-squares approximation explained in Section III.
Indices are extended to tuples, i.e. ¢ = (i1,...,ir) and k=
(k1,...,kr), with L € N the number of dimensions. We will
also define a multi-dimensional version of the sum term £ from
(16), with the incorporated dimensions noted in subscript, i.e. &;
would be a one-dimensional sum over the first dimension, and
&15 would be a two-dimensional sum over the first and second
dimension.

A. The L-Dimensional ALSSM as a Signal Model

We define an L-dimensional ALSSM by the tensor product
of L ALSSMs, with each model having its own system order /Ny
and parameters { Ay, ¢, }. The output of such a model at index
tuple ¢ = (41, ..., i) with separated per-dimension initial states

T1,...,2[ 18

si(x) = (clA’fatl ®R--® cLAiLL:cL)

:(Cl®"'®0L)(Alf®"'®AZL)($1®"'®xL)7
(34)

and with a joint initial state vector x € RITZ: Ve the model is

si(@)=(c1® - @c) (A} @@ AF)z €R. (35)

An example of a two-dimensional model is shown in Fig. 3.
We note that the ALSSM can be different for each dimension,
e.g., the first dimension could be modeled as a polynomial
while the second dimension can be modeled as an expontially
damped sinusoid. However, in many cases, the parameters Ay
and ¢y, would be chosen as equal for all dimensions ¢, which
would then also simplify the equations. Nevertheless, we allow
different ALSSMs for each dimension in the remainder of the
paper for the sake of generality.

B. Inner Product for Two-Dimensional Signals

To derive the inner product of L-dimensional signals, we
start with signals of dimension two. The inner product (12)
generalizes for two-dimensional signals Y and Y”, both defined
on Z2, as

<Yv(.+k1,0+k2)7 Y/>w

A /
- Z Z w(jlyjz)yzj1+k1,j2+k2) Yv(jl,jz) eR.
J1EZL j2 €L

(36)

To find efficient recursive computation rules for (36), we anal-
ogously restrict Y’ to Y’, an element of a two-dimensional
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Amplitude

0.2

Fig. 3. Sampled Gaussian kernel h with its ALSSM approximation h asin
(35) using a 2-D polynomial of degree two in each dimension. Note that the
two signals are almost identical and therefore overlap in the illustration (MSE
of 1.0 - 10~3). The application of this approximated filter is shown in Fig. 4.

ALSSM subspace (35) with L =2 and Yj’ = (cl ® 62) (Ail1 ®
A?)z and initial state x. Further, we set a finite or infinite
support of boundaries a;,b; € Z in the first dimension, and
as, by € Z in the second dimension for Y. As in Section 1I-A,
we initially restrict ourselves to an exponentially weighted
window, and later extend this to other windows. Therefore,
for now, the window weights are set to w;, 4,) = fyil 7;2 with
1,72 € R4. The inner product then generalizes to

<}/(0+k1,0+k2)7y/>
by bo
A ¥ ;. ~
= Z Z N Y (Gitkago+ke) Y ja)
ji=a1 ja2=az
bl b2 . .
=3 > WYtk o tka) 56 (7)
Jj1=a1 ja=az
by bo . .
. o . .
=" Y Y WY ket k) (AT @A) (1@02)
ji=ai jo=as

=12"&a((k1,k2),Y) ER. 37)

In the supplementary material in Section A.Il., we prove that the
double sum term &15((k1, k2),Y’) can be split into two succes-
sive summations, where we first sum over the first dimension
with

k1401
i\ T
51((k1ak2)ay) = Z Yv(ih/%) (Cl(’)/lAl)“ kl) €RN17
i1=k1+a1
(38)
and use the result in the sum over the second dimension,
ko+b2 . .
&12 ((k‘1, k2),Y) = Z & ((kl’ Z‘2)7y) ® (CQ(WAQ)ZTIQ)
io=ko+az
(39)

We note that (38) is equivalent to (16), which is taken as an
input to (39), such that (38) and (39) are indeed found to be
a generalization of the one-dimensional case (16). Again, the
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TABLE II
TwO-DIMENSIONAL RECURSIVE & TERM COMPUTATIONS IN FORWARD AND BACKWARD DIRECTION FOR EXPONENTIAL WINDOWS

Recursions over st input dimension (index ki) with ALSSM parameters

A € RV1XN1 ) GRIXNl,’yl eR4, N1 €N for

— ,732+1 i‘I) ((kla k2+b2), Y)

k1+b1 o(2— i1—k1\T
67 (U k), V) =300 Ve (7 (AP )
Direction Recursion Complexity! Example
1) (1)
(@) _ =1 4®q\—T s(a) 1 (k1 k2) = &7 (k1 + 1, ko)
wporward” | E17 (k141 k2),Y) =~7 H(ATY) D ((kr, k2), Y) O(NY)
— aq — T 7
k1 —ki+1 -7t ! (k12+£1) kz)(c®q A®q 1 1) or @
>1 o(2—q) ®qyb O(N# ;
h Y ey (61 (AT) Ol (M%) ¢
& (k= 1,k2) = & (k ko)
®q\T
“Backward” qu) ((kl —1,k2), Y) =M (A 9 §<q) ((kl7 k2), Y) O(Nf) ji
2 a
k‘l — klfl + 11 3/(2(1+51)71 k2)( (A®q) 1) or
<1 +1y,0(2—q) ®q\b1+1 O(N?* i v
" Ayll Y(k1+b1 k2)( (A q ! ) ( 1 ) Lh
Recursions over 2nd input dimension (index ka) with ALSSM parameters Ay € RN2X N2 ,C2 € R1XN2 ,72 € Ry, Na €N for
ko+b2 io— ko T
(Q) ((kl,kz),Y) _ Zi2:k2+a2 (q>((k1,12) Y) ® ( (72145841)12 k2)
Direction Recursion Complexity? Example
{2 (ko) = &85 (1, ko 4+ 1)
“Forward” D (k1 k2 +1),Y) =257 > INT® (A9 TelD ((k1,k2),Y) £
ks = ka+1 732~ s(q>(<k1,k2+a2) Y) ® (c§9(AF) 1) | O(N{NY)
1
Y2 > + ,\/225511) ((k17k2+b2+1) ) ® (c§®¢Z(A£®Q)b2)T
“Backward” (q) Y ((k1,k2—1),Y) =72 (I%f ® (A?q)) (@) Y ((k1,k2),Y)
ky — ko—1 +fy§2§§q)((k1,k2+a271),Y) ® (§1(AF%2)T | O(N{NF)
2 <1

® (a5

! For a (block) diagonal state transition matrix Ay’?, the complexity is O(N7). For a general matrix A9 the complexity is O(Nl2 7).

2 (II%;I ® (A?q)) is always (block) diagonal.

quantity £;5 can be computed recursively over both indices k
and ko, similar to the one-dimensional case, and the recursion
now applies in two dimensions. The forward and backward re-
cursions to compute (39) are a generalization of the terms from
Table I and are listed in Table II, where (39) is equivalent to
13 g) for ¢ = 1. All derivations are provided in the supplementary
material in Sec. A. V. In terms of computational complexity, the
effort to compute (39) for each increment of both k; and k5 is
O(N1N5) with ALSSM system orders Ny and No. We note that
the complexity of an inner product between a sample space and
an ALSSM subspace signal (37) also scales with O(N; N2), and
therefore remains independent of the actual signal length.

Providing a numerical example from image processing, con-
volving a signal with a 50 x 50 2-D kernel as in Fig. 4 in
the sample space requires 50 - 50 = 2500 scalar multiplications
and additions, i.e., multiply accumulate (MAC) operations per
output pixel. By contrast, the same convolution in an ALSSM
subspace of dimensions 3 x 3 requires 3 -3 =9 MAC plus
3-343-9=236 MAC operations for the & term per pixel,
which is a reduction of computations by a factor > 50. For
separable kernels, where the 2-D convolution is substitutable
by two 1-D convolutions, the speed-up factor in this example
reduces to > 4.

x h

(e)y

u

0.2

T

0.4

T

0.0 0.6 0.8
Fig. 4. Convolution of an image with a Gaussian kernel or its ALSSM
approximation. Gaussian white noise was added to an image (a), which is
then filtered by a sampled gaussian kernel and an ALSSM approximation of
the kernel, as shown in Fig. 3 using (55). The convolution results are shown
in (b) and (c), and (d)-(f) each show a zoomed section of the upper subplots.
We note that the resulting error of the ALSSM convolution is very small with
an MSE of 4.4 -1076.

C. Inner Product for L-Dimensional Signals

The generalization of the inner product to an L-dimensional
input signal Y defined on Z with indices i = (i1, ...,i1), k =
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(k1,...,kr), and using the short Ye ik = Y(etk,,...,e+ky) 1S

N, 2 Z Z w; Y4k Y] €R.

Jji=a1 jL=ar

(Yoir,Y (40)

Restricting Y to elements of the L-dimensional ALSSM
subspace Y’ with YJ’ = (01 R ® cL) (Ajl1 R AJLL)J},
and, in analogy to (13), with finite or infinite support with per
dimension boundaries a, and by, leads to

< o+kh Z Z ’Y +k53( ) eR
Ji=a1 jL=ar
=2"¢.0(k,Y), (41)

with the recursively defined sum term &;5...;, defined as

f*f(ka Y)
ko+be T
Z 5*((k1,...,ig,...,]€L),Y) ® (Cg(’ygAg)”_k[) ,
i¢=k¢+a,
(42)

where * is a substitute for the sequence of already incorporated
dimensions. The first recursion (where * = @, an empty set) is
initialized with the observations as input,

§o(k,Y) =Yg (43)
Note that the subindices in the sum term &;...;, such as in (41)
list the order of the incorporated dimensions.

To provide an example, the notation &;53 indicates that the
sum has sequentially progressed through the dimensions |, »,
and 3. For a three-dimensional observation Y defined on Z3 and
using the three-dimensional signal model with per-dimension
ALSSM parameters {c1, A1}, {c2, A2}, and {c3, A3}, the re-
cursion for &123 unrolls to the three steps

k1401
El(k’y)é Z Y(ilvk'zka)(Cl(fYAl)ilikl)T (44)
i1=k1+a1
ko+ba . .
SakY) 2 > & ((kryiz, k3),Y) @ (ca(1242)2 )
io=ko+tas
(45)
ks-+bs 4 .
€i23(k,Y) £ Z 12 ((k1, ka,3),Y) @ (e3(y3As) ) .
iz=ks+as
(46)

Note that, although this may be implied in this example, the
dimensions can be processed in any order, leading to alternative
sum terms such as &215(k,Y), etc.

The forward or backward recursions to efficiently compute
(42) are provided in Table III, which generalizes Table II.
The recursive form of (42) scales with (9(]_[5:1 Ny). Table IV
provides a comparison of the complexity of L-dimensional
convolutions in sample space versus ALSSM subspace for both
separable and non-separable filters.
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D. Generalization to Ly Norms

The generalization of the sum term (42) to element-wise
powered observations leads to weighted and sliding Lo norms
such as ||[Yei||2 £ (Yeik, Yoik),, For L-dimensional sig-
nals, the generalization is

ke+be
D)2 ST €D (ke it o kL), Y)
ig=ke+ay

© (9 ALYk T, (47)

initializing the first recursion with the observation as input

9 (k,v) =

Yo, (48)

Note that for ¢ =1 the sum term (47) becomes (42). This
leads to the relations for the Lo, norm of multi-dimensional
signals with inner product (40) for any signal Y defined on
7' and signal Y as an element of an L-dimensional ALSSM
subspace,

Yesr, Yori)y = Vorrl2 = €9 1 (K, Y) (49)
(Yorn, V1), =275 (R, V) (50)
VY, = IV)2 = @F2 @ 0 afh)Tel) (k1)

(1)

= (RT2®*)Te) | (k,1), (52)

using in the last line the permutation matrix R = R1Rs - - - Ry,

where R, = [®2 Ny @ 1IN, © K(Ny Ny N @ INgy Ny,

and with commutatlon matrix K, ,y € R™"*™" from [24].

V. APPLICATION ON MULTI-DIMENSIONAL SIGNALS
A. Cross-Correlation

Let Y be an L-dimensional input signal and H a signal
represented by an L-dimensional ALSSM subspace and with
associated ALSSM initial state vector x, subsequently denoted
as x(ﬁ ). The cross-correlation between these two signals YV

and H at index k = (ky,--- ,kz) is then
by
(Y*I:I)k:<yo+k7ﬁ Z Z ’Y +k-H
Jji=ai jL=ar,
=2(H)TeY) | (k,Y). (53)

B. Convolution

Let Y be an L-dimensional input signal and Ha signal of the
same dimension in the ALSSM subspace. The output at index

k= (ki1,..., k) of the convolution of these two signals Y and
H is then
by )
(Y= - Z e Ya-iHj
Jji=a1 Jjr=ar
=> - Z N Ye—jsi(x(H))
Ji=a1 jr=ar,

=z(H)TE) (kY 0;0) (54)
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TABLE III
L-DIMENSIONAL RECURSIVE £ TERM COMPUTATIONS IN FORWARD AND BACKWARD DIRECTION FOR EXPONENTIAL (UPPER TABLE) AND
GENERAL ALSSM WINDOWS (LOWER TABLE)

ko+by

(Q) (k Y) tohptas

Dk,

Recursions with exponential windowv (* substitutes sequence of already incorporated dimensions) for
ip—ko\T
kL), Y) ® (e (reAP) M)
over the {-th input dimension with index ke and ALSSM parameters Ay € RNeXNe ¢, e R1*Ne ~, € Ry,NoeN.

Direction Recursion Complexity O(+) Example (L = 3)
U (kKoo b)) — €D ey koo ey + 1
(q)(( ke +1,.),Y) &z (K, z,:s) Sizg (ki ko, ks 1)
“Forward” —1(7®q ®q @q\—1\T ¢(a) L '
=7 Uy, ® --®1 ® (A1 13 v ke, )Y
ke — kp+1 ( N1 ) Ne—1 ( )7 T (( )T ) HNZ@II
Ty > 1 750%71&-5}1 (("'7k2+a£7 )7Y) ® (Cf®q(Af®q)a271) =1 -
76D (o g b1, ), Y) @ (e0®9(A29)%) T Lo T
O ey, Eogy ey — 1) <= €0 (B Koo, e
(q)(( ke—1,.,Y) &z (kn, Ky J ) <= &ig (K, b, Keg)
“Backward”
= (I @ Iy @A) TED (o ke, ), Y) L
ke = ke—1 (@ T H NZ
Y, <1 + &L (s ketar—1,..),Y) @ (c®9(A27)™) =1 L
4 T [P .
3P LED (ke tbe, ), Y) ® (e B9(A,80)PeH ) b
Recursions with windows generated by a window ALSSM with parameters Ay and ¢y (* substitutes sequence of already incorporated dimensions) for
ke+b o .
(‘Z)(k Y) +by ((kl kL) Y) ® ( Iy ®C®q)(Ae ®A®Q)1g7kZ)T
ig=ko+ay

over {-th input dimension with index kg, and ALSSM parameters Ay € RNexNe ¢, ¢ R1XNe JApe RNex Ny ,Cp € RIXNe  N¢g,NyeN.

Direction Recursion Complexity O(-) Example (L = 3)
(q) D (oo kig+1,..),Y) bk koo, keg) — €3 (R R, By 1)
“Forward” o T, "
:I~®I®q®---®lv @I% © (A, ® AP 1) £D(( ke, . ),Y Lo
ke — ke+1 ( ]\jl N1 Ny Ny ( ¢ y £ ) ) g*é ('|(' ¢ ) ) HN@N(@q
Yy > 1 —E(Q)((---7k2+ae,---)7y) ® ((8 ® cp®9) (A @ A,®7)e 1) =1 L
+ 8P (ke tbe+1,),Y) © (G ® e ®)(Ar © A ON))T £
ED ((cohg—=1,..0,Y) SEICRENCERIRRE (URENY
“Backward” o T, 7
(1, 1% g...01, 129 9 A, ® A,%) £9D((. ke, .),Y Lo
ke — ko—1 ( 1371® N ©® ® sz1® Np_1q ® fv ) s (( : ) ) H NeNgbq
Yy < 1 +E£Q)((---J€e+ae—17---)7Y) ® (8 ® cs®9) (A ® Ag®9)) =1 L
= & (s hetbe, ), Y) @ ((E0 ® o) (A @ A ON)PeHY)T B

—2(H0)TED  (k,Y;07Y) (55)

For the first option (54), we input Y_,, the signal time-
reversed in all dimensions, and parameter set 0 = {A, a, b, v}

with A = (Al,...,AL), a:(al,...,aL), b= (bl,...,bL),
and v = (v1,...,7). For the second option (55), we use
the “inverse” parameter set 0! = {A~! —b, —a,~v "1} with
A~'= (A7, ... A7 Y) indicating the inverse for each entry

of the tuple, and hkewise for v~!. While the first option takes
a time-reversed input signal, the second option only inverts the
ALSSM transition matrices and time-reverses the boundaries.
Thus, the second option is of particular interest for causal online
and low-memory implementations. Both options are sumarized
in Table IV.

C. Multi-Dimensional Least-Squares With ALSSMs

We consider an Lo cost in analogy to (30) with L-
dimensional signal Y, sample indices %= (41,...,7;) and
k= (k1,...,kr), finite boundaries a, b, witha = (a1, ... ,ar)

and for b analogously, and per-dimension decay factors
Y1, ---,7vL € R4, and joint ALSSM initial state «. The cost (30)
then generalizes to L dimensions with

Jo(k, )
k1+by kr+br

DT P

ZL kL [Y; _ Si_k(l')]Q

i1=ki1+a1 ip=krp+ar
(56)
= |Yosrl? — 2(Yesr, V), + V]2
=) (kY) =227 (kY)+(RTa®)Tel) | (k1)
(57)

Minimizing (57) over x provides a local state estimate at
L-dimensional index k, which is

iy, = argmin JO(k, z) = Wj, 5&?..L(k, Y), (58)

with

vec(Wy) =

RER) (k1) (39
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TABLE IV
COMPARISON OF L-DIMENSIONAL CONVOLUTIONS IN SAMPLE SPACE AND CONVOLUTIONS IN ALSSM VECTOR SPACE

L-dimensional convolution at index k = (k1, k2, ...,

k1) of observation Y € RE1Xx 22X
by — ap + 1 in sample space (first row) and with an L-dimensional ALSSM of dimensions 1,2, ...

XKL and filler H € RM1> M2 XMp ), —
, L in the ALSSM subspace (second

row). N1 ... Ny, indicate the ALSSM system order per dimension.
Type? Convolution Computational Complexity O(~).
&() Convolution
br, by L
YxHe= > - > YajH; [ KoM,
ol JjL=ar Jji=a1 =1
Ins .
PP (v iy = () TED) L (R, Y-30) L L
I &eN I KeNe
=ao(H)Tely) | (kY;07) Pl o

L-dimensional convolution at index k = (k1, ko, ...,

subspace (second row). N ...

k1) of observation Y € RE1xK2x+
with hO e RMe, My =by —ap + 1in sample space (first row) and with an L-dimensional ALSSM of dimensions 1,2, . . .
Ny, indicate the ALSSM system order per dimension, 6y the {-th ALSSMs parameters.

XKL and separable filter H = h(1) % ... % h(L)
. L in the ALSSM

Type Convolution

Computational Complexity? O(-)

with £ (e, Y_;561)

with £ (k, ;071

&() Convolution
1 L L L
(Y * B W 5w B Z Z Yooy hSt - i) IT e (Z Mg>
JjL=ar Jji=a1 =1 =1
(Y*ﬁ(l)*---*fz@))k L I
— (hENTeD) (L=1)\T (1) o , H(Ke)< Ne)
separable | = #nNTE (Rw(hTTER) (ko 1021):01) I 2

z(h(m)Tg(Ll)(k,a;(h@—l))Tg(Lljl(k,... 07t

—1
1 39L)

S A (s
e (357) o

1A separable L-D filter can be written as a product of L 1-D filters, and the L-D convolution is then equivalent to L 1-D convolutions.
2 The complexity of £(-) scales linearly with N, for a (block) diagonal matrix Ag, and scales with N,? for a general matrix A,.

with vec(Wg) as in (33).

A practical example of 2-D signal approximation and de-
tection by least squares is provided in Fig. 8 and later in
Section VII-A.

D. Advanced ALSSM Windows

Up to this point, the quadratic costs such as in (56) were
limited to exponentially decaying windows. However, it is pos-
sible to introduce more sophisticated windows without breaking
the recursive computation rules by using an additional ALSSM
[6], [7], denoted as the window ALSSM. In the following, we
generalize the one-dimensional window ALSSMs from [6], [7]
to the multi-dimension data.

Let the window weights in (40) be provided by the ALSSM

wj :§j(£i'17...7{fL)

= (A @ @A), (60)
i.e., the output of an L-dimensional window ALSSM consisting
of L. ALSSMs, each with its own parameters Ay, ¢, and initial
state &¢. Then, the windowed squared error at window location
k when using model (34) with per-dimension separated states

is

5 k1+b1 kr+br )
Jo(k,x) =Y > k(@) [Yi— siok(2)]
i1=k1+ay ir=kr+ar
= (i1 @@ 3)TEY L (kY)

—2HH @1 Q- T ® IL)Tél) (kYY)
+(z1®x®2®~'~®fL®$ T S)L( 1)
(61)
with
ke+be
é'(q) Z f* kl)"'a 7...,]€L),Y)
ig=k¢+ay

® (& ® (A, @ AZ7 )T (62)

initialized as in (48) and with its own recursion, see Table III.
Alternatively, using the more general signal model (35) with
joint state vector x, cost computation (63) modifies to

Ja(k, x)
=(T1 ®-
—21‘1—(.731 ®In, @

- ® xL)T§12 L(k, Y)
@i ® Iy, ) €. (k)

+ (R @ I @ - @k @ IF)TES) (k1)
(63)
and gets minimized by
&y, = argmin J2(k, z)
=W, 1 (F1 ®@In, @ ®EL® INL)ng?..L(k»Y)»M
(64)
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TABLE V
TwO-DIMENSIONAL WINDOWS WITH ALSSMs

Two-dimensional windows generated by ALSSMs with w;, ;, = Wi, - Wiy = GANE . GA2E = EP2(Ar—FL @ A2~k2)§D2 The windows are of length

M €N in both dimensions.

Exponential Window .
Hann Window

Hamming Window

. Gaussian Window
Welch Window

(or rectangular for v =1) (approximated)
_1 Ll) 2
. 2 wip =€ P
. . 11 ig\2
T 1%1:05+05cm«yg 1%1:054+046w49@) 1M1:1__(NU2) ngze—%(f)
! ; wi, = 0.5 4 0.5cos(Qiz) | wi, = 0.54 + 0.46 cos(Qiz) )
P 2 o o ; .
Wiy =7 Q=2n/M Q=2r/M wb2:1_(1\22/2) e.gAforn75A[ }T
p=06, =10 042 0.18
1 0 0 1 1 1
A= |0 cos(Q) —sin(Q) A=1lo 1 2
A= [’y] 0 sin(Q)  cos(Q) 0 0 1
&=1] e=[1 1 9 e=[1 0 o
& =1] -
T —-1 7T
i=[05 05 0 z=[054 046 0] #=[1 _
L (L/2)?
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using, in analogy to (33),

T vg?--L(ka ]l)'

(65)

vee(Wi) =R (#1 ® I3 @ @2, ® I5")

A proof for (63) is provided in the supplementary material in
Section A.IIL

Table V presents a selection of practical two-dimensional
windows. It is important to note that when employing advanced
windows, all derived recursion formulas are still applicable.
Howeyver, the use of advanced windows increases the overall
ALSSM system order, which in turn leads to a higher compu-
tational load.

VI. SHARED AND PARALLELIZED COMPUTATIONS

The linearity of the £ terms allows calculations to be divided
into multiple fractions. This has several applications, such as
reusing intermediate results to obtain results for multiple win-
dow sizes and resolutions conveniently, e.g. in multi-resolution
analysis, or to perform interleaved computations enabling paral-
lelized processing and taking full advantage of dedicated hard-
ware platforms such as Graphics Processing Units (GPUs) and
the like.

A. Multi-Resolution Least-Squares in ALSSM Subspace

For many applications we need the inner product for different
window lengths, such as for filter banks, wavelet transforms,
and other types of multi-resolution analysis. Interestingly, the
various sum terms £ presented in this paper can be merged to

form sum terms for larger windows without needing to recom-
pute them. We apply this technique in multi-resolution analysis
by summing shifted versions of ¢ terms, resulting in a multiple
of the window size.

In (16) we provided £(k, y) for a 1-dimensional inner product
as in (14) using an ALSSM signal approximation in an interval
of fixed length. It is straightforward to show that the sum

term spanning two intervals of equal length, {a,...,b} and
{a+0d,...,b+} withd € Z is
b b+6
Ekyy) =D AV yin(eA)T + Y Ayjpa(eal)’
j=a j=a+d

=&(k,y) + (PAT)? £(k + 6,y). (66)

This allows to compute an ALSSM fitted over a longer win-
dow (i.e. of lower resolution), thereby re-using results from
ALSSMs that were fitted over two shorter windows (i.e. of
higher resolution). The mechanism of (66) is also illustrated
in Fig. 5.

Analogously, the sum term for L-dimensional observations
(47) spanning two (or more) intervals of equal size, where the
second interval is shifted by § = (1, ...,d7) samples in each
dimension, is

§9 (k. Y) = €0 (k. Y) + (D)TED (k +8.Y). (67)
with recursively defined but constant shift matrix
DY = D @ (v A", (68)

i shifts the sum

in (67) in all dimensions at once. While the proof

starting with D(@ = 1. The shift matrix D'?
term £'7
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Fig. 5. Reuse of & terms for efficient multi-resolution processing as applied

in (66). the figure illustrates the merging of two & terms of smaller window
sizes (light blue) to a new sum term & of double the window size (dark blue).
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Fig. 6. Multi-resolution Savitzky-Golay filter using local polynomi-

als of degree three and with seven different window sizes L €
{11,21,41,81,161,321,641}. The observed signal y (solid grey line) is
a noisy version of s, (dashed black line), to which Gaussian white noise
is added. 9o e (solid blue lines) are the filter output of the ALSSM model
9o,k = so (1) according to (9) for each window length, efficiently computed
as proposed in Section VI-A. The segment boundaries for the finite windows
are set to a=[—L/2] and b= |L/2] and the window decay factor to
~~1 =0.999. Data source of s.: [25].

for (66) is straightforward, the proof for (67) is rather tedious
and provided in the supplementary material in Section A.IV.

The method presented in (67) prevents the recalculation of
the sum term & for each window size in multi-resolution appli-
cations and instead reuses the results of the smallest window to
calculate the wider ones. This is in contrast to the standard im-
plementation of ALSSMs, where recalculation for each scaling
is required.

Fig. 6 shows an immediate application of this multi-scale
approach, where the output of polynomial filters of different
window lengths is illustrated. For the calculations of these filter
outputs, sum terms £ of smaller window sizes were reused to
generate filter output of larger window sizes according to (66).
This application is a multi-resolution version of the well-known
Savitzky-Golay filter.

A second application of the multi-resolution approach is
provided in Section VII-B when shapes of different length need
to be detected in a bioelectrical signal. A third example of
multi-resolution analysis using a stationary wavelet transform
with a Haar wavelet is provided in the supplementary material
in Section A.L
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Fig. 7. Use of sample interleaving to parallelize £ term computations as
proposed in (69) and (70). The two & terms are only calculated on every
second sample (light blue), while £ is the aggregation of both (dark blue).

B. Interleaved Computation (Parallelization)

To enable parallelized computation, we subdivide the sam-
ples into S subsets applying an interleaving pattern, similar to
a polyphase decomposition in linear filtering [26], and process
the sets independently. The final ¢ term is then retrieved from
intermediate results of the S subsets, which are computable in
parallel.

Let g5, be one out of S interleaved signals with only the
samples ¥, s+ for any validn € Z and s € {0,...,S — 1}. For
example, for S = 2 we have the two interleaved signals (o) =
[' -5 Y0,Y2, Y4, - ] and g(l) = [ -5 Y1,Y3, Y5, - ] Then, llSiIlg
the integer modulo operator % and integer division operator //,
the £ term composes as

S—1
E(k,y) =Y (YA FFISE G (B, Gis)) (69)
s=0
with
Eor (B, ) 2 &((k+5)//8,5:65), (70)

using £ with a parameter set, as introduced earlier in (29), 6; =
{AS,a//8S,b//S,+°}, with the selection of a and b restricted
to a multiple of S. The mechanism of (69) is also illustrated
in Fig. 7. Note that the ¢ terms in (70) working on interleaved
signals again follow the proven recursion rules and are fully
independent from each other, i.e. are fully parallelized.

VII. PRACTICAL EXAMPLES

In this section, we provide several practical examples to illus-
trate and appreciate the use of ALSSMs in multi-dimensional
and/or multi-resolution settings. Table VI shows a summary
comparison of the computational complexity and of the actual
effort in terms of scalar multiplications (MAC) for the presented
ALSSM methods and corresponding sample space methods
(using standard matched filters).

A. Character Detection as a 2-D Least Squares Problem

Images are probably the most common two-dimensional sig-
nals. In this toy example, we demonstrate pattern matching by
detecting characters in a grayscale image, as shown in Fig. 8.
To detect characters, we first transform the full image into
an ALSSM subspace spanned by a 2-D polynomial model of
degree 3 in both dimensions, parametrizing the ALSSM from
(35) as

sj(x) = ((1A]") @ (c2Af)) (1)
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TABLE VI
COMPARISON OF THE COMPUTATIONAL COMPLEXITY OF SAMPLE SPACE
AND OUR ALSSM SUBSPACE METHOD ON PRACTICAL EXAMPLES, WITH
ALSSMS OF ORDERS Ny, WINDOW LENGTHS My, AND n SHAPES

Sample Space | ALSSM Space
Example 00 TMACTOC)— TMAC
Character Detection (Sec. VII-A) 139
My = My =35, Ny = No = 4 MMy 11225 I NiNz | 7
ECG Segmentation (Sec. VII-B) 110
M = {40, 20, 20, 20}; Mo =6; | M1 Man| 600 | Ny Nan (18%)
Ny =3; No=4;n=4 0
Water Droplet Counting (Sec. VII-C) 5192
My = M2 = {40, 20,14, 10}; M1 Man| 2296 | N1 Nan (22%)
N1 =Ny=6;n=4
3D Edge Detection (Sec. VII-D) ﬁ ﬁ 14
M; = Mg = M3 =15; M, 72 Ny
N1 =Ny=N3=2 =1 =1 (61%)

5315

- yo—krl(ikl)

10'V5A

A V1

L

oA 0
RS NOAY p
300 ’ /ﬂ\ F: [:{ j’/ (:) i: l-J
"1OwZ AuQq 2

0 Z(I)O -1(I]0 6(I)0 S(I)O

! , , . ]

0.0 0.2 0.4 0.6 0.8 1.0
Fig. 8. Pattern detection in a two-dimensional image using ALSSM sub-

space projection and a cost ratio in a sliding window manner as discussed in
Section VII-A. The raw image is in grayscale and shown in the background
and shows additive Gaussian noise of increasing intensity from top to bottom.
For the pattern detection, the cost ratio (72) is computed for every coordinate
using the state vector of the reference window (marked by the dashed box)
in the ALSSM subspace Zr.s. This cost ratio is a measure of likelihood for
detecting the reference pattern and is displayed as a yellowish overlay on top
of the raw image, peaking in red for very high likelihood.

with § = (41, j2), and with A; and As as in (10), ¢; and cg as
in (11), and « € R16.

Then, we proceed as follows:

1. Define the size of a rectangular window, appropriate to
detect the characters and use this window size in (56),
e.g.,seta; = as = —3b and b; = by = 35. This is the size
of the dashed box in Fig. 8.

2. Compute the sum terms §§g)(kz, Y), g)(k:, Y), and

g)(k, Y’) applying the recursions provided in Table II
with the image as the input Y and for every valid index
k = (ki1,k2). (decay factors 1, 2 are set to close to
1.0 to get a rectangular-like yet computationally stable
window.)

3. Compute all state vectors Z, applying (58) for all pixels
based on the precomputed £ terms.

4. Select Z,¢f as the Zy, corresponding to the reference char-
acter position (marked by the dashed box in Fig. 8).

5. Compute for every pixel index k the cost ratio

Jtl;(ka ‘%k)

CRy, = —o2 k)
k Jg(kajjref)

(72)

P

== : : . i : .
100 200 300 400 500 600 700
ki
Fig. 9. Template matching on multi-channel signal. The upper plot shows

the 6-lead ECG signal (grey lines), with the projection to the ALSSM subspace
of the reference wave (blue line) at time index k1. The center plot shows the
CR (72), peaking at the reference template and at later pattern occurrences
(around k3 = 500 and ki = 680), but not at other wave forms of similar
shapes. The lower plot shows the two cost remainders going into (72), Jo =
J(k,0) and Jy = J?(k, Z1c¢). Data source: [27]. Fig. 10 shows a zoomed
out version of this plot with detection of multiple shapes of different lengths.

as a likelihood measure for a character detection. Char-

acters are most likely located where the CR value peaks.

This likelihood measure CRy is displayed in Fig. 8 (as a yel-

lowish overlay, peaking in red for very maximum likelihood).

A comparison of the computational effort of our approach
and the standard matched filters can be found in Table VI.

B. ECG Segmentation by Pattern Matching

For the second example, we consider an electrocardiogra-
phy (ECG) recording, which was recorded with an electrode
array consisting of 6 electrodes, applied from left to right on
a subject’s chest. Such a signal can be considered as a two-
dimensional recording with the two dimensions position and
time. In that signal, we are interested in efficiently detecting the
reoccurrence of certain waveforms. The ECG signal provided
includes 6 chest leads, denoted as V1 to V6, see Fig. 9. The
waves of interest are normal and abnormal QRS complexes, as
well as variations of T waves.

To model these shapes, we use a polynomial of degree 2 in
the first dimension and a polynomial of degree 3 in the second
dimension, and parametrize the ALSSM from (35) as

si (1) = ((c1A!) ® (c2A2))x
with j = (j1,J2), c2 and As as in Example VII-A, and with
1

(73)

10
a=I[1 00, 4=1{0 1 1],
00 1

and z € R12.
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Fig. 10. Zoomed out version of Fig. 9 with detection of four different shapes, each of individual length. The upper plot shows the 6-lead ECG signal

(grey lines), with the four reference shapes projection to the ALSSM subspace
referenced shape and normalized for plotting reasons. Data source: [27].
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Fig. 11. Water droplets detected on a grayscale image applying a least-
squares fit of a two-dimensional ALSSM model. Droplets were detected
wherever the LCR (77) peaked locally. To detect and cluster droplets of
various sizes, the model (75) was applied repetitively with window sizes of
40 samples (red rectangle), 20 samples (dark red dots), 14 samples (red dots),
and 10 samples (orange dots).

To detect these types of waves efficiently, we proceed ac-
cording to Steps 1 to 6 from the previous Example VII-A with
the following modifications: since some waveforms are longer
than others, we compute the ¢ terms only for the shortest length
waveform with the recursions provided in Table II. The £ terms
for the longer waveforms are then efficiently calculated with the
multi-resolution computation (66). In addition, the cost ratio in

. The lower plots show the four per-shape CR values, each peaking only on its

g(o—'«'&o— 113](72(73. 113))

1.0

Amplitude

12

5 e
430 435

Fig. 12. Least-squares fit of the model (blue dots) proposed in (75) to a
grayscale intensities of a water droplet image (black dots). This droplet was
generated using window interval borders a1 = az = —20, by = b2 = 20, and
cosine model frequency w = 27 /40.

step 5 changes to

Jo(k, 0)
Jg(ka fi'ref)

using a noise-only cost term in the numerator. This a non-linear
approach closely related to likelihood based signal detection. In
contrast to matched filters, this non-linear approach is robust
against abrupt changes in input amplitudes, which often leads
to false detection in linear filtering. This behaviour is observ-
able in Fig. 9 for example, where detection of small amplitude
signals such as the p waves (k) are not interfered with by high
amplitude pulses such as the QRS waves (k; and krry).

CR(k) = (74)
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Fig. 13.

230

70 80 90 100

3-D edge detection on hippocampal MRI with a kernel (window) size of 15 x 15 x 15 pixels. Subfigure (a) shows slice 200 of the original MRI

image, subfigure (b) the magnitude of the gradients resulting from (79), and subfigure (c) shows the thinned edges postprocessed with the standard canny
edge algorithm [28]. Note that the figure displays only one slice out of many while our detection algorithm uses all slices. The lower figures show zoomed
versions of the upper figures, indicated by the red rectangle, revealing the gradient vectors (black arrows) in the center plot. Data source: [29].

Figs. 9 and 10 show exemplary results for the detection of
single or multiple waveforms respectively in an ECG signal.

This example shows that our method is a computationally
attractive approach for shape detection and discrimination, es-
pecially in environments with limited computational resources.

C. Water Droplet Counting with Sinusoidal Fitting

The third example is from the field of image analysis, where
we need to classify and count different types of water drops on
a hydrophobic surface. A sample image is provided in Fig. 11.
The droplets are either dome-shaped or toroidal.

For both shapes, we use a signal model consisting of a con-
stant offset with two additive cosine waves of distinct frequen-
cies w and 2w,

1 1
si(z)=2"| | cos(wji) | ® | cos(wjz) ,
cos(2wj1) cos(2wja)

- ((clAjf) ® (CQA%z)).'L'
with j = (j1,j2) and
61262:[1 1 0 1 0]

(75)

and with block diagonals
Ay = Ay =diag (1, R(w), R(2w))
where

— sin(w)
cos(w)

cos(w)
sin(w)

R(w) =

To detect the droplets robustly, we also need an alternative
model (the null-hypothesis) to adapt the inhomogenous gray
scale in the image backgrounds,

$;(z)=A (76)
with A € R, which is a simple constant offset model. The input
signal Y is the two-dimensional image with Y}, indexing the
pixel grayscale intensity value at coordinates k = (k1, k2).

Then, for both models s and s, we compute the necessary &
terms according to steps 1 to 4 from Example VII-A. The cost
ratio in step 5 then changes to

Jo(k, k)
CR(k) = —%""=£ 77
®)= Ttk ) 7
using the respective model in the numerator and

denominator. Finally, droplets are located at local peaks
of the CR value.

Fig. 11 shows an example of detected droplets and Fig. 12 an
example of the toroidal shape fit applying the proposed model.
In terms of computational effort, a comparison against four
matched filters (one filter for each window size) in the sample
space is shown in Table VI.

D. Edge Detection Using Normal Vectors of 3D Planes

The fourth example implements an edge detection method in
three-dimensional data sets such as from magnetic resonance
imaging (MRI) or computed tomography (CT) scans. For that,
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three-dimensional planes are locally fit to the image voxel in-
tensities; the ALSSM representation of such planes is

T AN
55(0) =2 M ® u ® M )
with index tuple j = (41, j2,j3) and gradient
A 0s;j
grad(s;) 2 29 — (1), ], o) 9

with [z], here indicating the n-th element of state vector .
Finally, the Euclidean norm || grad(s;)|| is considered as a local
measure of the edge intensity at index j.

Fig. 13 shows the implementation of a common gradient-
based edge detection method, where a standard canny edge
algorithm with non-maximum suppression, thinned edges,
and double thresholding and hysteresis-edge-tracking is
applied [28].

VIII. CONCLUSION

In this paper, we have generalized the application of
ALSSMs to linear filters of multi-dimensional input sig-
nals and have derived recursive computation rules for those.
This is of particular interest for applications with limited re-
sources such as energy or memory, or for applications with
real-time constraints. The method is also a linking element
between very large data sets and machine learning algo-
rithms, where data compression, feature detection, and selection
is essential.
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