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ABSTRACT

Resonant electro-optic comb generation in thin-film lithium niobate microrings is a powerful method for achieving large-bandwidth electro-
optic combs with a small footprint. While significant progress has been made in optimizing the optical resonator, the on-chip microwave
waveguide has been less explored. Here, we develop a generic analytical model that predicts the phase shift acquired by the optical wave, taking
into account possible microwave losses, impedance and velocity mismatches, and different injection points. We apply this model to determine
the optimal electrode length for a traveling-wave configuration and two standing-wave configurations, with microwave driving frequencies at
different multiples of the optical free spectral range. We experimentally validate the model by measuring several devices fabricated at the chip

and wafer levels.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0312190

I. INTRODUCTION

Nonlinear crystals exhibiting a large Pockels coefficient, such
as lithium niobate, have enabled the development of high-speed
electro-optic (EO) modulators in fiber optics.' In optical resonators,
these modulators have led to the generation of stable optical fre-
quency combs.” The availability of thin-film lithium niobate (TFLN)
on insulator wafers,” combined with the ability to pattern low-
loss waveguides,” has dramatically reduced the footprint of such
devices and unlocked better performance via dispersion engineer-
ing” and tighter confinement of the optical modes. In addition,
several foundries are now offering TFLN-based photonic integrated
circuits (PICs), allowing integration of such devices in larger circuits
with potential applications in fields such as gas sensing,” metrology,"
optical communication,” and more.' !

Resonant EO combs are generated by phase modulating a
continuous-wave optical pump in a cavity with resonances that are
equally spaced in frequency. When the pump is at resonance, the
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phase modulation produces sidebands around the pump frequency
fo shifted by the modulation frequency f (angular frequency w;, =
27tfm). If fin coincides with a multiple of the free spectral range (FSR)
of the cavity (fi» = k - FSR), the sidebands are also in resonance. As
a result, new lines are created at every round trip, and eventually a
frequency comb forms. The optical power in the gth comb line is

~lal gr
Pq oc e 'TTQERIg] (1)

where Q is the quality factor of the optical cavity and |¢,| is the
electro-optical phase shift acquired over an optical round-trip.'”
The latter is often expressed as 7V/V, with the voltage V applied
by the source and the half-wave voltage V, that characterizes the
modulator.

The conversion efficiency of the pump to the comb lines is key
for reducing power consumption and increasing the comb span. On
the one hand, this can be achieved by improving the quality fac-
tor Q of the optical resonator, for example, by reducing the optical
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propagation losses'” or by using wider waveguides that support mul-
tiple modes.'* As an alternative, the resonator can be operated in the
under-coupled regime, which, however, penalizes the output comb
power. Recently, mutually coupled resonators have been shown to
increase the conversion efficiency by up to 30% and consequently
increase the EO comb bandwidth.'”

On the other hand, the interaction between microwaves and
optical fields, captured by |¢,|, is equally important for increasing
the conversion efficiency. The behavior of the interaction depends
on whether the modulator is in a traveling or standing wave config-
uration. For modulators operating in a traveling wave configuration,
the microwaves and optical waves co-propagate, as in early demon-
strations with fiber cavities. Then, the accumulated phase shift |¢ |
is clearly maximum if the velocities of the microwave and optical
wave packets are matched [see Fig. 1(a)]. The tight integration of
optical and microwave circuits in PICs enabled the investigation of
different electrode designs and EO couplings, as recently shown by
the use of resonant microwave cavities in lithium tantalate PICs.'®
Indeed, contrary to fiber-based EO combs, PIC-based devices can be
and usually are designed such that the microwave is reflected and
forms standing waves along the electrodes. In this case, the optical
wave packet travels through a standing wave with nodes and anti-
nodes in the voltage distribution [see Fig. 1(b)]. Therefore, the local
electro-optic phase shift non-trivially varies in space and time. In
turn, the accumulated phase shift |¢, | and also the comb bandwidth
show a non-trivial dependence on the electrode length, microwave
feeding point, and modulation order k = f,,/FSR.

In this paper, we present a flexible simulation method to predict
the electro-optical phase shift for traveling and resonant config-
urations. The model only requires parameters (microwave losses,
microwave index, and characteristic impedance) that can be either
simulated from the cross section of the waveguide or extracted from
measurements. With the model, we study the behavior of three dif-
ferent microwave configurations, and for each configuration, we
vary electrode length and modulation order. We focus on a sym-
metric (A) and non-symmetric (B) resonant configuration and a

(a) (b)
- | —_ ] [- | L
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FIG. 1. Interaction between microwaves and optical fields. (a) In traveling wave
operation, the microwaves propagate without backreflectlons from the injection
location (red squares) along the electrodes (yellow) to the matched termination.
The optical wave packet travels with equal speed along the waveguide (blue line),
and the violet circles indicate three snapshots. The traveling voltage waves Vp,
are shown at these snapshots (gray curves). The voltage that the wave packet
experiences is indicated by violet arrows in the distributions. (b) In standing wave
operation, the microwaves are reflected at the open termination, leading to a stand-
ing voltage wave Vp, along the electrodes. The snapshots are indicated at the
same times as in panel (a).
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traveling wave configuration (C), shown in the top row of Fig. 2. In
addition, we validated the model with electro-optical measurements.

Il. THEORETICAL MODEL

Our model relies on transmission line theory to predict the volt-
age experienced by a wave packet for a given electrical configuration.
Through the Pockels effect, this voltage leads to a local electro-optic
phase shift. After integrating the local phase shifts over an optical
round trip, we obtain the accumulated phase shift ¢,.

We first abstract the schematics (top row) into equivalent
electrical circuits (bottom row) as depicted in Fig. 2. The devices
are composed of individual modulation segments, each consisting
of a microwave transmission line (in gray) and an optical wave-
guide (in blue); the inner pads connecting these segments can be
neglected due to an up-down symmetry. The segments are driven
by a microwave source with open-circuit voltage Vo and internal
resistance Zs of 50 Q.

The electro-optic phase shifts of the individual segments add
up to the total shift,

¢r(to) = 3 ¢i(t), )
J

where ¢, denotes the shift in the jth segment and f#; the time
when the wave packet enters this segment. The individual phase
shifts depend on whether the wave packet enters the segment from
the microwave source (s) or load (1) side (Appendix A extending
Ref. 17). In a normalized form, they are

) g Lo [Vrany - e o
0 0

min
¢norm Lr

t: L . ) . min V+ I’ —
% =—q Lmin elw"‘tj eznlLE/L' I:V()F(u?—) + Vop(ul )] (4)
norm r

The parameter o takes the value +1 for parallel and -1 for anti-
parallel orientation of the positive voltage direction (red squares in
Fig. 2) with respect to the crystal axis (axis e in Fig. 2). The length L.
of the electrodes is normalized with the length Lmm =,/ fm, which
is the shortest possible length of the optical ring, i.e., a ring with
FSR = fu, (k = 1). The voltages V* are amplitudes of the two waves
traveling in opposing directions on the segment and implicitly
depend on transmission line parameters, namely, the linear atten-
uation constant a,, the phase velocity v, and the characteristic
impedance Zy. These parameters depend on the material and the
geometry of the cross section, which are the same for all modulation
segments. The amplitudes V* can be computed from the electri-
cal configuration in a cascaded manner, as shown in Appendix B.
The function F(u) is given by F(u) = (1 — ") /u with dimensionless
arguments,

+ . Nm min| Le
uy = [Zm(l F ?Ta) F oL, ]L:“i“’ 5)
in] L
uj = [zm(—l F "—'”) F ocmL‘,“‘“] —, (6)
n L,

where 1, = ¢/vin and n, = ¢/v, are the microwave phase index and

optical group index, respectively.'”'” The term ¢ corresponds to
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FIG. 2. Studied configurations of microcombs. Top row: Schematics of devices consisting of optical ring resonators and bus waveguides (blue) and microwave electrodes
(yellow) with different terminations. Microwaves are injected into the device at the locations marked by the red squares, with the signs defining the positive electrical polarity.
In configurations A and B, the electrodes are open at their ends (resonant modulator), and in configuration C, the electrodes are terminated with a matched load (Z; = Zp)
and source (Zs = Zy/2) (traveling modulator). The extraordinary (e) and ordinary (o) axes of TFLN are indicated as coordinate axes. Bottom row: Equivalent circuits with
a microwave source (open-circuit voltage Vy, internal impedance Zg = 50 Q) and modulation segments made up of optical waveguides (blue) and microwave transmission
lines (gray). All transmission lines have the same characteristic impedance Zy, linear attenuation constant «,, and microwave index np.

min

the phase shift that would be induced by a modulator of length L;
with constant voltage V,

nndr TLMP
A G

¢norm = VO > (7)

where n, is the refractive index of the active medium without a
microwave field, r the Pockels coefficient, A, the vacuum wavelength
of light, and G the gap between the electrodes. The factor T is the
normalized overlap between the optical mode E, and the microwave
field E,» and considers the inhomogeneity of the fields over the cross
section,

_6 Ju|Eo(x)PEm(r) dS
Vo JlslEs(x)[* ds

, ®)

where V denotes the voltage between the electrodes and the inte-
gral in the numerator (denominator) runs over the active region A
(entire cross section S).

The model presented in Eqgs. (2)-(7) allows us to compute
the phase shift |¢ |. The half-wave voltage V' can be retrieved for
any modulation scheme by imposing |¢,| = 7. Although the model
contains many parameters, only a few unitless quantities deter-
mine the normalized round-trip phase shift |¢,[/¢, ... Namely, the
ratio of electrode and shortest ring length L./L™", the ratio of
microwave and optical indices 1, /#,, the dimensionless microwave
losses a,, L™, the order of the modulation k = fm/FSR, and the ratio
of characteristic and source impedances Zy/Zs. The parametriza-
tion of configuration C requires an additional unitless ratio, the
normalized load impedance Z; /Zs.”"

APL Photon. 11, 046109 (2026); doi: 10.1063/5.0312190
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I1l. MODEL APPLICATION

Equipped with the theoretical model (Sec. II), we study the
behavior of the configurations A, B, and C depicted in Fig. 2 in two
scenarios. In the first scenario, we keep the open-circuit voltage Vg
constant since the induced electro-optical phase shift is proportional
to voltage. Then, different configurations may consume different
amounts of microwave power. Therefore, in the second scenario, we
hold the total dissipated microwave power Py fixed.

A. Constant open-circuit voltage

We first analyze the behavior of the phase shift |¢ | and then
discuss its implications for the bandwidth of the optical comb.

Figure 3 shows the simulated |¢ | vs electrode length L. in
normalized forms for different modulation orders k. We inter-
pret the normalized electrode length 4L,/L™™ using the ring length
L, = v,/FSR and relate it to LM as L, = kL™®, Therefore, the nor-
malized electrode length is expressed through the electrode cov-
erage 4L./L, as 4L./L;"" = k(4L./L,). Since the electrode coverage
assumes values from zero to one, the normalized electrode length
varies from zero to k. Note that each panel in Fig. 3 includes one
phase shift curve for each modulation order k. However, the curves
overlap for all odd (solid lines) and separately for all even (dotted
lines) modulation orders, and each one stops at the corresponding
integer k. For example, for k = 5, the related solid line only exists
in the gray area. For a physical device with fixed electrode cover-
age 4L./L. of 80%, the normalized electrode length 4L./L;™" is 4.
If by changing the modulation frequency, the modulation order is
reduced to k = 3, the normalized electrode length will be 2.4.

Figure 3(a) shows the simplified case without microwave
losses (o = 0) and with matched microwave and optical velocities
(nm =no). In configuration A, the modulation oscillates up and

11, 046109-3
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Configuration A Configuration B

Configuration C

(a) 4
FSR = vp/k 0 B
e 3 L=k b 1 N
$ 21 : 1A .
A i G A W A H e FIG. 3. Electro-optical phase shift at
B4 : L constant voltage V. Simulated phase
0 ’ ' ’ DV k) H s : : shift |¢,| vs electrode length Le in
normalized form for odd (solid line) and
(b) 4 even (dashed line) modulation order
k = f,/FSR. The ratio 4Le/L™ can
e 37 ] ] assume values from zero to the order
é 2 | | of modulation k (e.g., a gray area for
= k = 5). Prediction for a case (a) without
A i e~ N ] A . microwave losses (am =0) and with
/NSNS N ST velocity matching (nm = no), (b) with
0 . . . N ! . o ! . . microwave losses  (apl™ = 0.39)
and velocity matching, and (c) with
(c) 4 velocity mismatch (nm/n, = 0.8) and
without microwave losses. All simula-
£ 37 ] ] tions use a characteristic impedance
é 5 i i Zy=2Zs and a load impedance
= Z, = 2Zs for configuration C.
s By RS
B 1T </ XN/~ 2\ /A T i i
0 T t T art T * T L T 2 as T T T
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
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down as a function of the electrode length for odd modulation
orders, as a consequence of the standing microwave pattern. Start-
ing from the second maximum, the maxima of the electro-optical
phase shift increase linearly with electrode length. This is because,
when moving to the next maximum, the standing wave in each of
the four electrodes extends by A,,/2, adding a constant contribu-
tion to the electro-optic phase shift. Conversely, for even modulation
orders, the total phase shift vanishes due to an inversion symme-
try of the structure; the local phase contributions that are shifted
by half a round-trip compensate each other. For configuration B,
the electro-optic phase shift also oscillates with electrode length, and
the maxima are increasing linearly. However, in contrast to config-
uration A, the inversion symmetry is absent, leading to a non-zero
electro-optical phase shift for both even and odd modulation orders.
In the traveling wave configuration C, the phase shift swings about
a linear increase vs electrode length. The linear increase is caused
by the upper electrodes, where optical wave packets and microwaves
co-propagate with the same velocities. The small oscillations are pro-
duced by the lower electrodes in which the two waves propagate in
opposite directions.

Figure 3(b) depicts the situation when introducing microwave
losses (am # 0). Microwave losses clearly decrease the phase shift,
since they exponentially damp the voltage waves along the elec-
trodes. Configuration A is less sensitive to losses than B and C,
since the distance from the injection point to the electrode end
is shorter. In addition, the decrease in modulation is stronger for
longer electrodes, leading to saturation.

In Fig. 3(c), we introduce a velocity mismatch (n,, # n,) and
keep the microwave losses zero. In configuration C, the velocity
mismatch mainly reduces the phase shift ¢,, since the lag between

APL Photon. 11, 046109 (2026); doi: 10.1063/5.0312190
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the evolutions accumulates in the upper electrodes. The contribution
of the lower electrodes can slightly increase or decrease depend-
ing on the mismatch. Interestingly, for the resonant configurations
A and B, the phase shift can increase compared to the case with
matched velocities if the microwave is slightly faster than the optical
evolution. Indeed, in Fig. 3(c), the maximal phase shifts are increased
for the first few peaks. This is because, when increasing the phase
velocity v,, of the microwaves, the period A, = v/ fu of the standing
wave increases and, therefore, also the electrode lengths at which the
phase shift is maximal. Since the maxima are shifted toward longer
electrode lengths, the first few peaks assume higher phase shifts.
However, for the following peaks, the timing mismatch between the
wave packet and the standing wave dominates and reduces the peak
height.

According to Eq. (1), the bandwidth of the optical comb reads
1 = QFSR|¢,|/27tf,. We normalize the optical bandwidth # to factor
out all k-independent quantities,

no_ 1 ¢

= , )
Hnorm k (pnorm
3
n,rI QVy
norm = . 10
1 G n (10)

Physically, the bandwidth #, . is achieved with an electro-optical
phase shift ¢ and first modulation order k.

Figure 4 shows the optical bandwidth # vs electrode length L.
in normalized form for the simplified case (an =0 and n, = no).
In configuration C, the optical bandwidth saturates to a value that
is independent of the modulation order k. The linearly increasing
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Configuration A

FIG. 4. Optical bandwidth for configura-

n/nnorm

tions A, B, and C at constant voltage V.
Simulated optical bandwidth # vs elec-
trode length Le in normalized forms for
different modulation orders k. Curves are
the predictions without microwave losses
(am = 0) and with matched velocities
(nm = no). All simulations use a charac-
teristic impedance Z; = 2Zs and a load

aLe/LMn aLe/Lmn

phase shift with electrode length in Fig. 3(a) is compensated by the
higher modulation order in the denominator of Eq. (9). Introduc-
ing microwave losses (am # 0) or velocity mismatches (nm # n,)
strongly reduces the electro-optical phase shift and, therefore, also
the optical bandwidth for longer electrodes. Therefore, it is beneficial
to use configuration C always with the first modulation order. For
configurations A and B, the optical bandwidth can be increased for
higher modulation orders in the simplified case. Adding microwave
losses reduces the electro-optic phase shift, especially for longer
electrodes and, therefore, causes the same reduction in the optical
bandwidth. As a consequence, the higher the microwave losses, the
lower the modulation order, which maximizes the bandwidth. Intro-
ducing moderate velocity mismatch (#,, < n,) increases the optical
bandwidth due to the same behavior of the phase shift in Fig. 3(c).

B. Constant dissipated power

Here, we compare the configurations A, B, and C when the
total microwave power dissipated in the source and structure is fixed.
Based on the equivalent circuits at the bottom of Fig. 2, the dissipated
microwave power is Pt = Re(VoIj /2) with the open-circuit voltage
Vo and the current I, provided by the source. The current Iy can be
expressed as Vo/(Zs + Z1) with the impedance Z, of the structure as
calculated in Appendix B [Fig. 10(b)]. Therefore, the total dissipated

impedance Z; = 2Zs for configuration C.
aLe/Lmn

Since the impedance Z; generally depends on the configuration and
the electrode length, the voltage V|, needs to vary accordingly to keep
the dissipated power constant.

Figure 5 shows the phase shift |¢,| vs electrode length 4L./L™"
with fixed dissipated power. Since the ¢___ normalizes V from the
phase shift, we explicitly multiply ¢,/¢, by Vj to ensure that the
dissipated power is constant for all electrode lengths [see Eq. (11)].
To keep Vy always finite, we require microwave losses in the elec-
trodes (e, # 0). The curves in dark colors are simulated for the same
microwave losses as in Fig. 3(b), while the lighter curves have five
times lower losses.

Since in configuration C the electrodes and loads are matched,
the impedance Z; and, therefore, also the voltage V, are inde-
pendent of the electrode length. We choose a dissipated power
Pior = 5 mW such that the voltage Vo = 1 V. Therefore, the dark red
curves are identical to those in Fig. 3(b). For lower microwave losses
(light red curves), the phase shifts are larger.

In configurations A and B, the electrodes are open and, there-
fore, the voltage V, varies with electrode length. The voltage and,
therefore, also the phase shift are particularly high at the parallel res-
onances of the structure when the impedance Z, is real and large.
This happens for even ratios (4L, /L™ for configuration A) and inte-
ger ratios for configuration B. The peak phase shifts are larger for

norm

power is lower microwave losses and are only limited by the ability of the
power supply to deliver high voltages. The resonant configurations
Puot = 1Re(Zs + Z1) Vol 11) A and B only dissipate in the electrodes, while configuration C addi-
ot = - . - . o .
2 |Zs+ 21 tionally dissipates in the terminations. Therefore, at fixed dissipated
Configuration A Configuration B Configuration C
4 R
s i
<37 y . y
= YA VAt gy A
0 * ‘I T T - T T T
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
ALe/LMin AL/ 4L /LM

FIG. 5. Electro-optical phase shift at constant dissipated power. Simulated phase shift vs normalized electrode length for odd (solid line) and even (dashed line) modulation
order k = f»/FSR. The normalized microwave losses oL are 0.39 for dark-colored curves and 0.077 for light-colored curves. For all simulations, the velocities are
matched (nm = n, ), the source impedance Zs is 50 Q, the characteristic impedance Z, = 2Zs, and the load impedance Z;, = 2Zs for configuration C. The total dissipated

power Py is fixed to 5 mW.

APL Photon. 11, 046109 (2026); doi: 10.1063/5.0312190
© Author(s) 2026

11, 046109-5

2T :0¥:80 9202 |!4dv ST


https://pubs.aip.org/aip/app

power, the phase shifts, and hence also the optical bandwidths, can
be substantially higher in the resonant configurations.

IV. EXPERIMENTAL VALIDATION

In order to experimentally validate our model, we have
fabricated and characterized EO microcombs based on TFLN.

A. Fabrication of microcombs

Figure 6(a) shows five fabricated microcombs with microwave
electrodes and optical waveguides as schematically depicted in Fig. 2.
The contacts for microwave excitation are clearly visible. The five
microcombs differ in their electrode lengths; from left to right, the
electrode coverages 4L./L, are 80%, 68%, 56%, 44%, and 32%. The
microrings have a FSR of 40.3 GHz. For each electrode length,
microcombs with five different point coupling gaps between bus
waveguides and microrings have been fabricated at ETHZ from
a commercially available x-cut wafer (NANOLN). The film thick-
ness of the lithium niobate is 600 nm on a 4.7 um buried oxide
layer. Circuits are patterned using electron beam lithography on a
650 nm thick hydrogen silsesquioxane resist, and the waveguides are
subsequently etched in an inductively coupled-plasma reactive-ion-
etching system using Ar" ions. The target etch depth is 300 nm and
is ensured by using an interferometric endpointing technique. The

material redeposited during etching is then removed using a potas-
sium hydroxide solution while the residual mask is etched with a
short dip into buffered hydrofluoric acid. Samples are then annealed
at 500 °C for 2 h in order to heal damages from fabrication, thus
lowering propagation losses. The fabrication process of the wave-
guides is thoroughly described in Ref. 21. Electrodes are deposited
by the liftoff process of gold and patterned using a double-layer
polymethyl methacrylate resist stack; the target metal thickness is
500 nm, and 5 nm of chromium are used to improve adhesion to
lithium niobate. PICs are then diced and mechanically polished to
improve the end-fire coupling efficiency. To further validate the
model in a wafer-scale process, a new set of rings with a smaller FSR
of 14.2 GHz has been fabricated at CSEM in a multi-project wafer
run (foundry service https://www.csem.ch/en/tailored-services/tfln-
foundry-services). In this case, the waveguides are patterned by
etching 400 nm out of a 600 nm-thick x-cut lithium niobate wafer by
an optimized ion milling technology. A silicon oxide cladding is used
to protect the chip surface. Then, the cladding is selectively removed
in the desired area to grant access to the metal contacts.

B. Characterization of microcombs

The experimental setup in Fig. 6(b) is used to generate and
characterize the optical combs. A continuous-wave tunable laser
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FIG. 6. Microcombs, experimental setup, and characterization. (a) Optical image of fabricated microcombs with different electrode lengths and the same FSR. (From Volpini
et al., CLEO/Europe-EQEC. Copyright 2025 IEEE. Reproduced with permission from IEEE.)?? (b) Experimental setup for characterizing the microcombs (DUT). Laser light
is conditioned with a polarization controller (PC) and then pumps the DUT. The light from the DUT is analyzed with an optical spectrum analyzer (OSA) and a photodetector
(PD). The microwaves are generated by an RF synthesizer, boosted by an amplifier and then injected into the DUT. A circulator protects the synthesizer from reflected
microwaves. (c) Example of a frequency comb measured with the OSA and a zoom onto a few comb lines (left inset). Right inset: Transmission spectrum of the ring taken
at low optical power without microwave modulation. (From Volpini et al., CLEO/Europe-EQEC. Copyright 2025 IEEE. Reproduced with permission from IEEE.)?? (d)—(f)
Transmission line parameters extracted from a measurement with a vector network analyzer (VNA), namely (d) effective microwave index np, (€) linear attenuation constant
am, and (f) characteristic impedance Z; as a function of the microwave frequency.
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FIG. 7. Validation of the theoretical model with the first modulation order. Electro-optical phase shift |¢,| vs normalized electrode length 4L, /L™ with equal modulation
frequency and free spectral range of 40 GHz for configurations A, B, and C. The measured and simulated phase shifts are indicated as points and curves, respectively.
The measured values (uncertainties) correspond to means (standard deviations) for modulators with varying gaps between ring and bus waveguides. The simulations only
contain the source voltage V as a global scaling factor, which is fitted to all measurements simultaneously. All other parameters are determined independently. The optical
group index n, is 2.3, the characteristic impedance Z; is 93.8 ©, the microwave effective index ny, is 1.9, the linear attenuation constant e is 206 Np m=" (17.9 dB cm~"),
the source impedance Zs is 50 Q, and the load impedance Z; is 100 Q for configuration C.
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FIG. 8. Validation of the theoretical model with higher modulation orders. Measured optical power P vs optical frequency f, at three modulation frequencies f, of 1FSR, 2FSR,
and 3FSR for (a) configuration A (green), (b) configuration B (blue), and (c) configuration C (red). The used modulator has a free spectral range (FSR) of 14.219 GHz. (d)
Simulated (curves) and measured (dots) electro-optical phase shift || vs normalized electrode length 4L /L™ for the corresponding modulation frequencies (columns) and
configurations (colors). The simulations only contain the source voltage V; as a global scaling factor, which is fitted to all measurements simultaneously. All other parameters
are determined independently. The optical group index n is 2.28, the source impedance Zg is 50 2, and the load impedance Z; is 100 Q for configuration C. The transmission
line parameters depend on the modulation frequencies of 1FSR, 2FSR, and 3FSR: The characteristic impedances Z; are 93.2, 92.0, and 85.5 Q; the microwave effective
indices ny, are 2.3, 2.2, and 2.2; the linear attenuation constants a;, are 70.8 Npm~" (6.2 dB cm="), 84.3Np m~" (7.3dB cm~"), and 91.9 Npm~" (8.0 dB cm~").
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(TOPTICA CTL 1550) is coupled to the quasi-TE mode of the chip
with a lensed fiber and a polarization controller (PC). The output
signal is also collected with a lensed fiber, and it is split using a
90:10 fiber coupler; 10% of the laser power is sent to a photodiode
(PD), which is used for chip alignment, while 90% of the output is
measured by an optical spectrum analyzer (OSA). The microwave
driving signal is generated by an RF synthesizer (Keysight E8257D)
and then amplified and directed to an RF circulator. One output
of the circulator is connected to the microwave ground-signal-
ground probe, which drives the electrodes of the microcomb. The
microwave power, which is back-reflected from the sample, enters
the circulator and is dissipated into a 50 Q termination.”””* When
operating the microcombs in configuration C shown in Fig. 2, we
added a second microwave probe with a 50 Q termination to the
other end of the electrode.

Figure 6(c) depicts an example of an EO comb spectrum. The
experimental values of |¢ | are obtained with Eq. (1). For this, the
logarithm of the measured power in each comb line is fitted by a
linear function. The Q factor is extracted from the optical transmis-
sion spectra of the microcombs without microwave excitation (see
right inset). The FSR is extracted from the transmission spectrum
and also from optimizing the comb bandwidth by fine-tuning the
applied microwave frequency.

In addition, we measured the transmission line parameters
such as microwave index n,,, propagation losses a,, and char-
acteristic impedance Zy [Figs. 6(d)-6(f)], and we use them as
model parameters. They are extracted from the scattering matrices
obtained with a vector network analyzer (Rohde & Schwarz ZNA) as
explained in Appendix C.

C. Validation of theoretical model

We validated the theoretical model for the configurations A,
B, and C with two experiments. In the first experiment, we extracted
the phase |¢,| of the samples fabricated at ETHZ, featuring structures
with different electrode lengths and identical FSR. The modula-
tion is performed at the first order with f, = 40.3 GHz. Figure 7
demonstrates a good agreement between measured and simulated
|¢,| as a function of the electrode length. Remarkably, the model
contains only a single free fitting parameter, the source voltage Vo,
which simultaneously scales the phase shift for all configurations. All
other parameters are determined independently: the transmission
line parameters are separately measured as described in Sec. IV B,
while the optical group index is obtained from the cross section
using an electromagnetic solver. Configuration A and B reach their
maxima at similar electrode lengths, while in configuration C, the
maximum is shifted to longer electrodes.

In the second experiment, we validated the model at higher
modulation orders. For this, we used a sample fabricated at CSEM
with an electrode coverage 4L./L, of 93% and a smaller FSR of
14.2 GHz. By changing the microwave frequency f,, to 1FSR, 2FSR,
and 3FSR, we reached the first three modulation orders k. Figure 8
displays the measured frequency combs for the three modulation
orders. In configuration A, the modulation vanishes for k = 2, as a
consequence of the inversion symmetry of the structure (Sec. I1I),
leading to a very narrow frequency comb. This suppression is absent
for configurations B and C. The precise dependence of |¢ | on the
electrode length for different excitation orders can be predicted with
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the theoretical model, and it is shown in Fig. 8(d). The same panel
also reports the extracted |¢,| from the experimentally generated
combs reported in Fig. 8(a)-8(c), and it displays a good agreement
between theory and measurement.

V. DISCUSSION AND CONCLUSION

We have developed an analytical model that can predict
the strength of the electro-optical phase modulation and, there-
fore, the optical bandwidth, for resonant microcombs with generic
microwave configurations. It requires input parameters for the
microwave and optical waveguides, which can be easily accessed
through measurements or simulations.

To validate the approach, we have fabricated and characterized
ring modulators with three different electrode configurations: stand-
ing microwaves with central (A) and side (B) feeding and traveling
microwaves with side feeding (C). For each configuration, we have
also explored the advantage of driving the microcomb at a higher
modulation order when the microwave frequency f,, is a multiple k
of the optical FSR.

We found that in standing wave configurations, the bandwidth
of the microcomb strongly depends on the electrode length and can
even go to zero. Interestingly, contrary to traveling wave excitations
and to non-resonant EO modulators, the largest phase shift is not
achieved when maximizing the electrode length. As an example,
we compute gains in modulation efficiency using values commonly
reported in the literature.”” When the electrodes are shortened from
the longest to the optimal length provided by the model, the gains
are 29% for configuration A and 104% for configuration B, while for
configuration C, the longest electrodes are already the most efficient.
However, with properly optimized electrode lengths and modula-
tion orders, the optical bandwidth is always larger in standing wave
compared to traveling wave operation.

In addition, for standing wave configurations, higher modula-
tion orders yield larger optimal bandwidths in an ideal lossless case
with matched velocities. However, in non-ideal cases, this increase
stops at a certain modulation order and then reverts due to the
need for longer electrodes and microrings. This means that, in prac-
tice, moderate modulation orders are optimal for achieving maximal
bandwidth. Interestingly, if the modulation order is fixed, the band-
width can be increased by making the microwave slightly faster than
the optical wave packet.

These findings help to optimize the optical bandwidth in PIC-
based microcombs under constraints dictated by chip layout, exci-
tation scheme, modulation frequency, etc. In addition, it provides
guidelines for the chip design. For instance, the optimal electrode
length is shorter in standing-wave than in traveling-wave configu-
rations at the same modulation order. This feature can be exploited
to increase the bending radius of the optical cavity, increasing the
optical quality factor and, hence, the comb bandwidth. In addition,
if a single access point for microwaves is required, the studied stand-
ing wave configurations are useful with either feeding on one side
(configuration B) or in the middle (configuration A). Since they have
similar performances, the more flexible excitation scheme from the
side can be chosen.

In general, this model is valuable for predicting the behavior of
electro-optic components, in which non-trivial spatial and tempo-
ral variations of the microwave fields are relevant during the optical
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evolution. The method can be equally applied to traveling, standing
wave, and RF resonant modulators integrated in a microwave net-
work. The implementation in Python is available as an open-source
package: https://github.com/samuehae/electrooptic.
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APPENDIX A: DERIVATION OF THE ELECTRO-OPTIC
PHASE SHIFT

In this section, we derive the optical phase shift caused by a
single modulation segment based on building blocks from Chap. 6 in
Ref. 17. A segment consists of an optical waveguide and a microwave
transmission line where the light enters the segment either (a) from
the source or (b) from the load side, as shown in Fig. 9.

A first ingredient to calculate the optical phase shift is how
the microwave (m) field behaves along the electrodes. The field is
captured by voltage and current waves traveling in either direction
within the transmission line theory.”””” Their superposition leads to
the total voltage and current amplitudes in complex notation,”®

Vin(m, £) = Vel Ty lontt i, (A1)

L (s, £) = I Omt™Pmin g [ nt*min, (A2)
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FIG. 9. Single modulation segment. A modulation segment consists of a
microwave transmission line (gray) terminated with load Z; and an optical wave-
guide (blue). A wave packet (purple circle) either travels (a) from source to
load side or (b) vice versa. Coordinate systems with origins where light (x,) or
microwave (Xn) enters and with coordinate L on the other side.

with the angular microwave frequency w, the propagation constant
Yy = Cm + i[3m, combining the linear attenuation constant a,, and
the phase constant 8, , and the complex voltage amplitudes V* and
current amplitudes I*. The amplitudes are connected by the char-
acteristic impedance Zg as I* = +V*/Z,. The fields are expressed in
the coordinate x,, whose origin is located where the transmission
line is excited (source side); therefore, the expressions are valid for
both types of modulation segments in Fig. 9.

Next, we connect the local voltage V, to the change in refrac-
tive index caused by the Pockels effect. The relation is given in Ref.
17 and reads

nfrr

on(x,,t) = -
n(xo,t) e

Vin(Xm» 1), (A3)

where o includes the orientation of the crystal axis relative to the pos-
itive voltage direction (parallel: 0 = +1, anti-parallel: 0 = —1), n, is
the refractive index of the active medium without a microwave field,
r denotes the Pockels coefficient, and G is the gap between the elec-
trodes. Here, we introduced the coordinate system x,, which points
along the propagation direction of the light; it is convenient to later
integrate the index change §n along the motion of the light.

The previous equation also depends on the normalized mode
overlap between the optical and microwave fields,

_ G [[\JEo(r)[En(r) dS
v ffs‘EO(f)F ds

, (A4)

with the voltage V between the electrodes, the electric field compo-
nent E,, of the static microwave field, and the field component E, of
the optical mode. The relevant component of the fields is determined
by the significant Pockels coefficient. The integral in the numerator
(denominator) runs over the active region A (entire cross section S).
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From the index change dn formulated in Eq. (A3), we derive
now the optical phase shift accumulated within the modulation seg-
ment. It follows by integrating the local phase shifts —k,dn seen by
the wave packet along the path of propagation,

o(t) = —/OLkoan(xg,to + x—”)dxo, (A5)

Vo

with the optical wave vector k, = 277/A,. Time t and position x, are
connected by the speed v, of the wave packet and the time ¢y when
the wave packet enters the modulation segment. The relation is valid
for either type of modulation segment (see Fig. 9). Inserting Eq. (A3)
leads to

3
;o ort o
P(to) = 0'7-[)7: 7‘6 i Vm(xm, fo + %)dxg. (A6)

In order to perform the integral in Eq. (A6), we change the
integration variable from x, to x,;. As the variable change depends
on the type of modulation segment (Fig. 9), we distinguish the two
cases. When the wave packet enters the modulation segment from
the source side (xm = X,), we obtain the result

3

an;r T L X

¢s(t0) =0 Ar 6 ) Vm(xrn)to + Tm)dxrm (A7)
0 [

and analogously for the case from the load side (xm = L — x,),

3

an,r T [0 L x

¢l(t0) =-0 /\r E f Vm(Xm;tO + 7 - 7m)de (AS)
0 [ [

Before inserting the expression for the voltage V,, from Eq. (A1),
we use the relation V,, (x,t + At) = exp(iwmAt) Vim(x, t) to pull out
factors from the integral that are independent of x,,, namely with
At =ty and At = to + L/v,, respectively. Finally, the optical phase
shifts read

nnfr T'L

¢4m:ﬂ7M Eé%WVTWD+VTWD} (A9)

3

an;r TL ty _iBoL

th) = —0 —e "le™
¢i(to) YW G

[V'F(u)+ V F(u;)].  (A10)

Here, we introduced the function F(u) = (1 — ") /u and the unitless
arguments

uf =i(Bo F fm)L F anL, (A11)

uf =i(~Po ¥ )L F amL, (A12)

with 8, = wm/vo and B, = wm/vm, where v, denotes the phase veloc-
ity of the microwave. Note that 3 is not the wave vector of light
because it involves the microwave frequency.

Overall, the formulas for the optical phase shifts ¢, and ¢, are
very similar. They only differ by a global phase factor, which consid-
ers that the wave packet enters on opposite ends of the modulation
segment and the different sign in front of B in Eqs. (A11) and (A12)
due to the opposite propagation direction of the light.
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APPENDIX B: DETERMINATION OF THE VOLTAGE
DISTRIBUTION

Here, we explain a method to calculate the complex voltage
amplitudes V* and V™ in each modulation segment, which are
necessary to obtain the optical phase shifts in Eqs. (3) and (4). As
the voltage amplitudes depend on the entire microwave circuit, we
demonstrate the procedure with the example circuit in Fig. 10(a).
The microwave source is attached to a network of transmission lines,
where the lines are connected in parallel or in series to each other,
and finally, every branch is terminated by a specific load impedance
(e.g., Zs and Zs). Note that each transmission line in the circuit can
either modulate light or simply route microwaves.

The method relies on the fact that the voltage amplitudes V*
and V~ are fully determined by the voltage Vi, and current Ii,
at the input of the transmission line [see Eqs. (A1) and (A2)], or
alternatively, by the input voltage Vi, and the input impedance Zi,
since Iin = Vin/Zin. As it is easiest to obtain Zi, and Vi, the method
calculates first the latter quantity and then the former.

In the first stage, we calculate the input impedances of every
transmission line from its load impedance. Note that load and
input impedances generally differ, as the voltage and current ampli-
tudes vary on transmission lines and, therefore, also their ratio, the
impedance.

1. We start at the terminations of the network (e.g., Zs and
Zg). The transmission lines directly connected to the termina-
tions transform the load impedance Z; (e.g., Zs) to the input
impedance Zi, (e.g., Zs),”

Zo = Zo Z1 + Zy tanh (y,L) , (B1)
Zy + Z;, tanh (y,L)
with the complex propagation constant y, = &y +if3,,, the
linear attenuation constant «,,, and the phase constant f3 .

2. When several transmission lines are connected in parallel,
combine their input impedances (e.g., Zs and Z7) by summing
their reciprocal values, e.g., Z;' = Z5' + Z7'. The resulting
input impedance is the load impedance of the next transmis-
sion line. When the transmission lines are connected in series,

@ z, z,  z z, zZ
, L L Lol
L o+ o
Ve lv1 vzl \vi v,,\ v, v

L.

Lo

v, v

v g
v el

Lo

FIG. 10. Example of a microwave circuit. (a) A microwave source with open-circuit
voltage Vj and internal impedance Zs is attached to a network of transmission
lines (gray lines), which are either connected in series or in parallel to each other.
The network is terminated with loads of impedance Zg and Zs. (b) Equivalent circuit
with load impedance Z; summarizing the terminated network.
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then the input impedance is directly the load impedance of the
next transmission line, e.g., Z; = Z3.

3. We continue until the network simplifies to the schematic in
Fig. 10(b).

Next, we calculate all the input voltages and with them the
complex amplitudes V* and V™:

1. In the first stage, we simplified the network to the equivalent
circuit shown in Fig. 10(b). It is a voltage divider where the
voltage V| is the input voltage of the first transmission line,

Z

Vi= -2y,
Y Zsv 2z °

(B2)

2. From the input voltage Vi, (e.g., V1) and impedance Zi, (e.g.,
Z1), we extract the voltage amplitudes V* and V™~ on the (first)
transmission line. The amplitudes follow from Egs. (A1) and
(A2) evaluated at the input location (x,, = 0) and starting time

(t=0),

VY4V = Vi, (B3)
+ - B

VIV Ve 50

Zy  Zy I

We solve the equations for V* and V™ and obtain

e %V (B5)
V= %Vm. (B6)
in

3. In order to propagate the voltage to the following transmis-
sion lines, we calculate the output voltage Vou (e.g., V) from
the input voltage Vi, (e.g., V1). This is achieved by evaluating
Egs. (A1) and (A2) at the output location (x» = L) and start-
ing time (¢ = 0) with the voltage amplitudes obtained in the
previous step,

Vou = Ve "+ Vet (B7)

The input voltage of the following transmission line(s), which
are either connected in series or in parallel, is equal to the out-
put voltage of the present transmission line (e.g., V3 = V; or
Vs =V, = V).

Now, we can calculate the complex amplitudes V* and V™ on
every transmission line.

APPENDIX C: EXTRACTION OF TRANSMISSION LINE
PARAMETERS

Here, we describe the procedure used to determine the trans-
mission line parameters. It starts with the scattering matrix S™
measured between the left and right pads of the structure in Fig. 2
and works as follows.
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As the structure is symmetric, we first enforce symmetry (S11 =
S22 and 812 = S21) on the measured scattering amplitudes by averag-
ing the diagonal and off-diagonal elements separately and replacing
the elements by the corresponding average. The average of the com-
plex numbers is performed individually on magnitude and direction
(Sec. 11 in Ref. 29).

The resulting scattering matrix S” describes two identical
transmission lines connected in parallel, as shown in Fig. 2. There-

fore, we extract next the matrix Stofa single transmission line. To
this end, we first convert the scattering matrix 8™ to the admittance
matrix Y™ according to Ref. 30. As the lines are identical and con-
nected in parallel, the admittance matrices are related by Y™ =2y}
(Sec. II B 4 in Ref. 31). Therefore, we obtain the admittance matrix
¥!'= ¥™/2 or, after conversion, the scattering matrix 3' of a single
transmission line.

From the scattering matrix §', we finally calculate the charac-
teristic impedance Zy, linear attenuation constant &, and effective
microwave index n,, of a single transmission line according to the
method proposed in Ref. 32 in Sec. II B. The numbers are stated in
the main text.
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