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Abstract

The growth rate dispersion of needle-like 8 L-glutamic acid in the length direction is
measured using a stagnant solution hot stage microscopy setup. Possible causes of the
observed dispersion are analyzed and the resulting distribution of growth rates is used
to motivate and reconstruct a distribution of an internal, growth affecting property of
the crystals. The latter is then used as the initial condition for a multidimensional,
morphological population balance model, whose outputs are fitted to 2D particle size
distribution measurements obtained from seeded batch desupersaturation experiments.
It is shown, through analysis of both types of data, that a non-zero rate of change in
the direction of the new coordinate is required and a phenomenological description of
this rate is proposed. The resulting model is able to quantitatively describe experimen-
tal data obtained from independent measurement devices, operating at different scales
simultaneously.
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1. Introduction

Crystallization is a ubiquitous purification step in the fine chemical and pharmaceu-
tical industry. Beside the all-important chemical purity, the distribution of particle
sizes and shapes is an important property of the particulate system that determines
product quality due to its strong influence on downstream processes. Nevertheless, it
is only with recent advancements of imaging tools and computational techniques, that
the measurement and modeling of particle size and shape distributions (PSSDs) has be-
come more accessible (Wang et al., 2007, 2008; Singh and Ramkrishna, 2013; Schorsch
et al., 2012, 2014; Schorsch, 2014), allowing for parameter estimation of face-specific
growth rates (Ma and Wang, 2012; Borchert et al., 2014; Ochsenbein et al., 2014) and
eventually shape control. The continued progress of these technologies further en-
ables gaining unprecedented insight into the mechanisms affecting the size and shape
of crystals, thereby creating the possibility of studying crystallization processes on a
more fundamental level.

An interesting topic of research in which-historically-imaging methods have been of
great importance, is that of growth rate dispersion (GRD). Indeed, the discovery and
subsequent investigation of the fact that a number of (in)organic crystal systems exhibit
large variations of their growth rate has heavily relied on these techniques. Growth rate
dispersion may be present both in the temporal domain, i.e., a single crystal’s growth
rate may fluctuate over time, as well as within a population of crystals, i.e., crystals
exhibit different growth rates when exposed to identical experimental conditions even
when they have the same size and shape. While the underlying, physical mechanisms
leading to dispersed growth rates are still debated (cf. Section 3.1), the consequence of
GRD for crystallization processes is well-known: an otherwise unexpected broadening
of the particle size distribution during growth (Wright and White, 1969; Janse and
de Jong, 1976; Tavare, 1985).

PSSD broadening itself is a phenomenon which is frequently observed experimentally,
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yet it is often neither modeled quantitatively nor is its exact cause investigated in detail.
It is thus likely that in a comparably large number of instances, the effects of growth rate
dispersion are falsely attributed to either agglomeration, breakage, spatial variations in
the continuous phase within the crystallizer or size dependent growth or vice versa, a
fact which has been acknowledged by multiple authors (Garside, 1985; Tavare, 1985;
Klug and Pigford, 1989; Ulrich, 1989; Rojkowski, 1993; van Peborgh Gooch et al.,
1996; Ma et al., 2002). The role of a correct identification step becomes more apparent
given recent efforts in the area of model-based optimization and control of processes
(Ma and Wang, 2012; Majumder and Nagy, 2013; Ochsenbein et al., 2013), where
model mismatches may lead to unpredicted and undesired behavior of the system when
subjected to inputs that have been derived based on an incomplete model.

The overwhelming majority of studies that have investigated GRD in depth have tack-
led the problem using measurements of facet growth kinetics obtained from a small
number of crystals—at a single operating condition—using techniques such as hot stage
light microscopy, Michelson interferometry and atomic force microscopy. However,
the consequences of the determined extent of GRD for crystal populations are rarely
investigated in a quantitative manner. We believe that the combination of different, in-
dependent measurement tools, operating at different scales and with different accuracy,
presents a promising approach to achieve a quantitative description of GRD at all lev-
els. Hence we propose to couple growth measurements of a number of single crystals
(size evolution tracked at a single operating condition) with precise measurements of
the instantaneous particle size and shape distributions that stem from desupersaturation
experiments carried out in a well-mixed batch crystallizer.

In particular, we aim at re-evaluating measurements obtained previously, in which
PSSD broadening had been provisionally accredited to size dependent growth (Ochsen-
bein et al., 2014), in the light of GRD. The resulting model, a multidimensional (mor-

phological) population balance equation (nD PBE), represents a reconciled and accu-
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rate description of the facet growth rate dispersion of 8 L-glutamic acid (8 L-Glu). We
emphasize, however, that our intention explicitly is not to conclusively determine the
physical cause of the observed growth rate dispersion. Rather, we aim at establishing a
procedure which uses a more phenomenological (yet quantitative) description of GRD,
that remains largely independent of its exact origins, but which eventually may allow
to draw some conclusions regarding the possible mechanisms.

This work is organized as follows: first, the methods used to obtain experimental data
are described in Section 2. Second, in Section 3, the theoretical basis for growth rate
dispersion and its description via population balance models are presented together
with an outline of the fitting procedure used in this work. The results of the single
crystal experiments, the final fitting and a possible interpretation of the results are given
in Section 4. In Section 5 the results of this study are discussed before we present

conclusions in Section 6.

2. Materials and Methods

2.1. Materials

L-Glutamic acid monosodium salt hydrate (Sigma Aldrich, Buchs, Switzerland, purity
> 99%) and hydrochloric acid (Fluka, Buchs, Switzerland, 37-38%) were used as de-
livered. Deionized and filtered (filter size 0.22 ym) water was obtained from a MilliQ
Advantage A10 system (Millipore, Zug, Switzerland). L-glutamic acid crystallizes in
two known polymorphs, i.e., the metastable o and the stable 8 polymorph, which are
monotropically related (Sakata et al., 1961). Seed crystals of the S polymorph were
obtained by allowing crystals of the & polymorph to undergo a solution mediated poly-
morph transformation according to the procedure described in Ochsenbein et al. (2014).
B L-Glu crystals grow in a needle shape whose morphology exhibits three facet fami-
lies, namely {010}, {021}, and {101} (Wang et al., 2007). The unit cell parameters are
a=517A,b=1734A, ¢ = 6.95 A and the space group is P2,2,2, (Hirokawa, 1955).
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2.2. 2D PSSD and Concentration Measurement

The data used in this work is part of that obtained by Ochsenbein et al. (2014). In
that work, seeded desupersaturation experiments with varying initial concentrations
were performed at constant temperatures in a 2 L temperature controlled stirred tank
crystallizer with a stirring rate of 250 rpm. Concentration data was recorded using an
ATR-FTIR spectrometer (ReactIR 45m, Mettler Toledo Switzerland) while measure-
ments of the 2D PSSD were obtained using a stereoscopic imaging device, presented
elsewhere (Schorsch et al., 2014). For the purpose of this paper we selected four ex-
periments at 25°C with initial supersaturations of 1.10, 1.15, 1.20 and 1.25 and whose
experimental durations typically lie in the order of six to ten hours. A short summary of
the PSSD reconstruction procedure is provided in the following: the suspension is sam-
pled continuously from the crystallizer and passed through an ex sifu flow through cell
before it is fed back to the system. Particles within the cell are photographed from two
orthogonal directions; after a matching and classification step, size and shape are cal-
culated automatically. In the case of 8 L-glutamic acid, each particle is approximated
as a cylinder and characterized by its length, L;, and width, L,. The multidimensional
particle size distribution is finally reconstructed using all particles measured within the
sampling interval (five minutes) via a binning procedure. The resulting distributions
are typically based on several tens of thousands of particles each and allow quantitative
analysis of the data (Schorsch et al., 2014; Ochsenbein et al., 2014). Note that due to
the slow dynamics of the desupersaturation experiments carried out in this work, the

time required to obtain a PSSD is negligible.

2.3. Hot Stage Setup

In order to observe the growth of single crystals in a supersaturated solution a tem-
perature controlled measurement cell (diameter: 13 mm, height: 3 mm) made from
stainless steel was constructed. The cell and its plastic cover, which prevents evapo-

ration of the solvent, are schematically shown in Figure 1. The lower part of the cell
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is comprised of a custom heat sink that is connected to a Peltier element, allowing for
rapid and accurate changes of temperature in the measurement cell. The measurement
cell is placed under a Zeiss Axioplan microscope that allows for magnifications from
5% to 20x and captures images automatically with a desired frequency. The experi-
mental procedure involves placing a single crystal into the measurement cell, which
was filled with saturated solution at a given temperature. The temperature of the solu-
tion is then rapidly decreased to the final value, thereby inducing supersaturation and
hence crystal growth. An exemplary image of a growing 8 L-glutamic acid crystal is
shown in Figure 2. Analogously to the PSSD measurement, the length L; and the width
L, of the projection are evaluated and their rate of change is used for the determination
of growth kinetics. It is worth noting that there is not always a simple one-to-one rela-
tionship between the rate of change of L; (or L,) as defined above, and the growth rate
of a single crystal facet. Indeed, the measured width of 8 L-glutamic acid, L,, depends
not only on the rotation of the needle with respect to the camera, but also on the extent
to which two independent facets, i.e., {021} and {010}, have grown. Nevertheless, the
measured length of a 8 L-glutamic acid needle can be shown to be a function solely of
one facet type, namely the {101} facet (Kitamura and Ishizu, 2000; Ochsenbein et al.,
2014). Since the rate of change of Ly, i.e., G| and the growth rate in direction of the
{101} facet, Gyjo1}, are proportional, all qualitative statements for the growth rate of
measured L; are valid also for the true growth rate.

Three additional points are worth making: first, since the solution volume is large com-
pared to the volume of the crystal, the supersaturation remains virtually constant even
when the crystal grows (which can be confirmed by a simple mass balance and was
verified experimentally). Second, in the light of the extensive literature concerning ef-
fects of strain on crystal growth (see Section 3), it was opted not to fix crystals to the
measurement cell, as this might introduce additional strain in the crystal, which in turn

could affect the growth rate measurements. Third, this design makes the application



147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

17

172

of strong convection in the measurement cell impossible, so that our setup is operated
under stagnant conditions, as in many other works (Wang and Mersmann, 1992; Jones
and Larson, 2000; Virone et al., 2005; Flood, 2010; Dincer et al., 2014; Nguyen et al.,
2014). From our previous study on crystals of the S polymorph of L-glutamic acid it
is known that growth at low supersaturations is comparably slow (Ochsenbein et al.,
2014); an analysis of the characteristic time scales suggests that diffusion is unlikely
to limit the crystal growth rate under the given conditions. Furthermore, the crystal
growth rates measured for the single crystals compare well with the growth rate esti-
mated from whole crystal populations in a stirred vessel, which further supports this

conclusion. A more detailed discussion can be found in Section 5.

3. Theory

3.1. Causes of Growth Rate Dispersion

Janse and de Jong (1976) were probably the first to coin the term “growth rate dis-
persion” (GRD) to describe the phenomenon of a spread in growth rates for K,Cr, 0O
crystals; an observation also made prior by Wright and White for sucrose crystals and
Natal’ina and Treivus for sucrose and KDP crystals (Wright and White, 1969; Janse
and de Jong, 1976; Ulrich, 1989). Soon, it was conjectured that the cause of GRD
might be the variation of surface dislocation densities, whose effect on the growth rate
is both predicted by Burton-Cabrera-Frank (BCF) theory and confirmed by experimen-
tal evidence (cf. Shiau (2003); Dincer et al. (2014) for recent works).

These results notwithstanding, a number of additional factors influencing the growth
of crystals have been identified. These include effects caused by lattice strain (Bhat
et al., 1987; Risti¢ et al., 1988; van der Heijden and van der Eerden, 1992; Zacher
and Mersmann, 1995; Herden and Lacmann, 1997; Sherwood and Ristié, 2001), or
surface roughening (Pantaraks and Flood, 2005; Flood, 2010). These phenomena can

cause a fluctuation of the observed growth rate (variability over time) and a growth rate
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variance in a population of crystals even when the crystals seem macroscopically iden-
tical and the operating conditions (e.g., supersaturation, temperature, etc.) are constant
and the same for all crystals. In contrast, Singh and Ramkrishna (2014) explained time-
varying growth rates by microscopic supersaturation fluctuations, which, assuming that
a crystallizer is well-mixed, cannot explain different growth rates for macroscopically
identical crystals.

Given the ongoing debate on the subject, it seems reasonable to assume that growth rate
dispersion in general is caused by the interplay of various mechanisms, whose relative
importance is likely co-determined by the crystalline system itself, the instantaneous
operating conditions and the particle history (Finnie et al., 1999; Jones et al., 2000;
Jones and Larson, 2000; Sherwood and Risti¢, 2001; Pantaraks and Flood, 2005).
From a descriptive point of view, two models of growth rate dispersion under the con-
ditions typically found in growth experiments (carried out at constant supersaturation
and temperature) have emerged: the random fluctuations (RF) and the constant crystal
growth (CCG) model. While in the former case, GRD is modeled as temporal varia-
tions of the growth rate around a given (but constant) expected value, which gives rise
to a second-order dispersive term in the population balance equation, the latter model
assumes that crystals are intrinsically born with a distribution of growth rates. While
the RF and the CCG models are not mutually exclusive, combined approaches are rare
(Zumstein and Rousseau, 1987a,b) and purely CCG-like interpretations are more fre-
quently found in literature. Consequently, a large number of researchers fit standard
probability functions, such as normal, log-normal or gamma distributions to time aver-
aged growth rates obtained from single crystal experiments (Garside and Risti¢, 1983;
Wang and Mersmann, 1992; Zikic et al., 1996; Finnie et al., 1999; Mitrovi¢ et al., 2002;
Flood, 2010).

In this work, a CCG-like approach is used as well, as it matches the experimental

observations presented in Section 4.1; however, the growth rates themselves are not
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assumed to be distributed properties as done elsewhere (e.g., by Janse and de Jong
(1976); Zumstein and Rousseau (1987a,b)). Rather, a lumped quantity, referred to
as growth affecting property (gap), will be taken as the single factor modifying the
growth rates of a crystal (see Section 3.3), an approach that is structurally similar to
that of Gerstlauer et al. (2001) (cf. Table 1 for a more detailed comparison). Given
the complexity of GRD mechanisms and in the absence of any obvious a priori choice
for the dominating cause of growth rate dispersion in the 8 L-glutamic acid system, the
introduction of this proxy variable allows for a considerable degree of flexibility while

maintaining a manageable level of model complexity.

3.2. Population Balance Modeling

A large number of crystallization processes can be described using the deterministic
population balance framework (Hulburt and Katz, 1964; Ramkrishna and Singh, 2014),
including those with considerable growth rate dispersion. An overview of a selection
of works modeling GRD is given in Table 1. A general formulation for a well-mixed

batch system with continuous internal coordinates is given by

%f(t, x) + Vi - [G(t,X,2)f(t,X)] = B(t,X,z) — D(t,X,7) (1)

where f is the number density function describing the particulate population, which is
defined over the set of internal coordinates x, and G is the velocity field describing the
rate of change of internal coordinates, which is usually a function of the state of the
continuous phase z (supersaturation, temperature, pH, etc.) as well. B and D represent
“birth” and “death” terms, respectively, allowing for the incorporation of additional
mechanisms such as nucleation, agglomeration or breakage of particles. In the case of
B L-Glu, whose needle-like crystal shape is approximated by a cylinder with length L;
and width L, and which at the conditions considered does only exhibit growth, Eq. (1)

can be recast as
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where we have made use of the surrogate gap variable w that was introduced earlier.
Note that the applicability of the assumption of absence of nucleation, agglomeration
and breakage was verified earlier by Ochsenbein et al. (2014).

While it is clear that the growth rates (in the isothermal case) are generally given as
G; = Gi(S,L,w)withi € {1,2}, i.e., they are defined as functions of the supersaturation
S, the size vector L, and the growth affecting property w, their exact functional form
is not obvious and depends largely on the nature of w. Similarly, the last term on the
Lh.s. of Eq. (2) describes the evolution of the population along the gap coordinate; a
suitable choice for G, = dw/dt is also not evident. A set of meaningful options for all
convective terms based on fundamental considerations will be presented and discussed
in Section 3.3.

Furthermore, the supersaturation in this work is defined as

c

S=m 3

where c is the solute concentration in the liquid phase and ¢*(T') is the solubility and

the initial and boundary conditions for the PBE are written as

JO,L,w) = fo(L,w) “

f,0)=0 &)

where fy(LL,w) is the size and gap distribution of the seed particles, the derivation

of which is outlined in Section 3.4. From f, different marginal distributions can be

10
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reconstructed, such as the particle size and shape distribution f;, which is given by
St L) = ff(t,L,W) dw (6)
0

fs can be measured by imaging devices such as the one presented by Schorsch et al.
(2014). To satisfy the conservation of mass, a mass balance equation for the solute
concentration in the liquid phase is needed. A general formulation for a closed system
is given by

dc d

C el f V(L) /(1 L) dL )
C

where C is the size domain, p. is the density of the crystalline phase and V. (L) is
the volume of the crystal with characteristic sizes L. In particular, for the cylindrical

particles considered here, V.(L;, L;) = %LILZ, C = R2, and Eq. (7) can be expressed

as:
dc mdup
=, - 8
a - P ®)
where ui; is a cross-moment of f(z, L, L), in general defined as
Wij = fflfl Léfs(l, Ly, Ly) dL,dL, 9
0 0
The initial condition for Eq. (7) is:
c(0) = co (10)

with ¢y being the initial solute concentration.

The three dimensional, first order partial differential equation in Eq. (2), together with
the material balance Eq. (8) is solved similar to a standard morphological PBE with
three internal coordinates, using a customized finite volume high resolution method

which solves the corresponding equations for the bounding box containing the distri-

11
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bution (Leveque, 2002; Gunawan et al., 2004; Ochsenbein et al., 2014). This method
permits the full reconstruction of the distribution at all times with reasonable computa-

tional effort and thus enables a comparison between measured and simulated PSSDs.

3.3. Convective Terms

In the following, a brief discussion of the various convective terms in Eq. (2) is pro-
vided. We will begin with an examination of the size growth rates G| and G, and the

possible impact of w on those rates followed by an analysis of G,.

3.3.1. Size Growth Rates

Under the conditions encountered in this work and up to even higher supersaturations,
the growth of 8 L-Glu was found to be surface integration limited and could be well-
described by a “Birth and Spread” type description (Kitamura and Ishizu, 2000; Cornel
et al., 2009; Ochsenbein et al., 2014). These results notwithstanding, a useful and
flexible empirical relationship for supersaturation dependent growth rates at constant

temperature is given by

G)(S) = pi1 (S — )P i€fl,2} an

where p;; and p;, are parameters. The simplest possible approach to incorporate the
effect of a growth affecting property is by assuming that the growth rates are simply

multiplied by some constant, supersaturation and temperature independent factor w

Gi(S,w) = wp}, (S — P2 ief(l,2) (12)

This result is also obtained when GRD is qualitatively explained through BCF theory,
i.e., by variations of the number of co-operating spirals (Garside and Davey, 1980; Klug
and Pigford, 1989; Bohlin and Rasmuson, 1992; Shiau, 2003). Note that in Eq. (12),

1

we set p?l = 1ms™ asw and p;; cannot be decoupled.

12
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Another common assumption stems from investigations of strain effects, and relates
growth rate changes to variations of the chemical potential of the crystals, or in other
words, their solubility. The effective solubility thus becomes (Bhat et al., 1987; van der
Heijden and van der Eerden, 1992; Gerstlauer et al., 2001; Jones et al., 2000; Virone
et al., 2005)

ie(Tows) = ¢ (T) exp (:—T) (13)

where wy is the molar strain energy and the growth rate is given accordingly by

Gi(S,wy) = pi (S exp (_1%) - 1)”2 i€{l1,2) (14)

Since we are more interested in the functional form of Eq. (14) than its physical in-
terpretation and as we operate at a single temperature, we will use the substitution

w = wg/RT in our fittings that employ such a model, i.e., in these cases G; is written as

Gi(S,w) = pi1 (S exp(—w) — 1) ie{l,2} (15)

It should be noted that Eq. (15) may result in negative growth rates for crystals ex-
hibiting considerable strain, i.e., if wy > RTIn (S). While the existence of such highly
strained crystals cannot be ruled out, we never observed shrinkage (dissolution) of
crystals in our experiments. In this work, all growth rates are hence constrained to be
non-negative.

An examination of the two models reveals that they predict a different behavior of the
growth rate distribution at different supersaturations: Eq. (12) assumes a constant, su-
persaturation independent distribution of growth rates whereas Eq. (15) implies distri-
butions which are strongly affected by varying supersaturation. Experimental evidence

of both behaviors exists, though an increase of growth rate dispersion for increasing

13
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supersaturations is reported more often (Finnie et al., 1999; Jones et al., 2000; Flood,
2010). We will refer to approaches corresponding to Eq. (12) and Eq. (15) as the BCF-
and the strain-type of growth, respectively, and will try to fit our data using either op-
tion individually. Whereas it is conceivable to apply a growth rate that incorporates
both approaches simultaneously (Jones and Larson, 2000), we will assume that the
true effect of the growth affecting property w is dominated by one type or the other.

We conclude this section with a final remark. There is reason to believe that different
facets may be affected differently by the growth affecting property, an effect that was
also observed experimentally (Sherwood and Risti¢, 2001). However, such a situation
can only be reliably detected experimentally when the growth rates of various facets
are large or the measurement interval is sufficiently long. In order to model growth rate
dispersion in a new direction, in principle, either an additional gap coordinate needs to
be introduced or a (different) relationship between the growth affecting property and
the new direction needs to be established. In this work, it will be assumed that the
effect of the gap on the growth rates is either exactly identical for both facets or that
w does not affect the growth rate in the width direction; all fittings were performed

making either assumption.

3.3.2. gap Rate of Change

An important-though often neglected—question in the area of growth rate dispersion is
that of whether the growth rate of a single crystal, growing under constant experimental
conditions, will remain constant over long time spans (Mitrovic et al., 2008, 2009) and
related to this, whether or not the growth rate distribution in the reactor is stationary.
From a modeling perspective, this determines the nature of the gap rate of change,

which in our case takes on the unit s~/

. Clearly, a physical approach would require a
sound understanding of the exact nature of the growth affecting property in question.
Unfortunately, little is known regarding the evolution of these properties beyond some

qualitative speculation.

14
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In many classic CCG approaches, which typically employ a BCF type modification
to the growth rates, G, is assumed to be zero (cf. Table 1). In models employing
strain-type growth rates, G, is often predicted to be negative (strain decreases over
time; growth rate increases) and Gerstlauer et al. (2001) give an overview of various
possible strain “relaxation” rates based on different assumptions of the absolute lattice
strain of crystals and its dependence on the crystal size. In other studies, a temporary
decrease of the growth rate after periods of fast growth is reported for crystals subjected
to supersaturation swings (Pantaraks and Flood, 2005; Flood, 2010). Table 1 contains
information regarding the different assumptions about the rates made in other modeling
works. In this work, we will set out to determine whether or not a static gap distribu-
tion is able to describe the experimental data and, if not, to deduce a number of key
characteristics of a non-zero G, by considering various models for G, and evaluating
their goodness of fit with our experimental data. In this context, we highlight the fact
that, in the absence of any experimentally verified and quantitative description of the

gap rate of change, we utilize a completely empirical expression for Gy,.

3.4. Fitting Procedure

A key objective of this work is the quantitative description of growth rate dispersion,
both for individual crystal experiments and for experiments with populations of crystals
within an agitated batch crystallizer. The demonstration of the feasibility of a simulta-
neous description is necessary (though not sufficient) to prove the relevance of single
crystal data for the behavior of real vessels, yet it is rarely shown (Klug and Pigford,
1989).

Two types of fitting procedures are applied in this work, both of which are designed to
solve the problem of the unknown initial distribution of the growth affecting property
while establishing a connection between single crystal and population data. For both
approaches, however, it is assumed that the distribution of growth rates and thus of the

gap is independent of the initial size and shape of crystals (Zumstein and Rousseau,
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1987a), an assumption whose validity will be checked in Section 4.1. The indepen-

dence assumption implies that

JO,L,w) = £,(0,L) Py (0,w) (16)

where Py, is the gap probability density distribution. The two procedures, both visually
summarized in form of a flowchart in Figure 3, differ in the way that Py, is estimated.
In the first case, Py, is assumed to be a normal distribution, whose two parameters are
fitted along with the remaining growth parameters (‘no’ case in Figure 3). Clearly, in
this way, the observed distribution of growth rates from the single crystal experiments
is not necessarily recovered, yet two additional degrees of freedom (mean and variance
of the Gaussian) are gained for the fitting. In contrast, in the second approach (‘yes’
scenario in Figure 3), the single crystal data is fitted well by construction. This is
achieved by fitting the parameters of the normal gap distribution in a separate step
before the actual start of the simulation. In particular, those parameters are found by
separately fitting a normal distribution to the dataset W, originating from the single

crystal experiments, defined as

ol g(G~<11)>
~(2) ~(2)
w=| = = 8(67) (17)
v || g(G(llo”) _

where G~(li) is the observed growth rate for the i-th single crystal and g(-) is the inverse
function of G(S = 1.2, w;p) given at § = 1.20 (i.e., the supersaturation in those ex-
periments) and the current parameter estimate. Note that the exact g(-) depends on the
G -function chosen for the fit (either Eq. (12) or Eq. (15)). In the cases in which the
inverse element does not exist (Eq. (15) is not bijective), the algorithm chooses the

value of w that yields the closest result.
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Regardless of the choice of fitting, the population balance model is subsequently solved
and its outputs compared to the results of seeded batch desupersaturation experiments,
applying the same methods reported in Ochsenbein et al. (2014). In particular, the
maximum likelihood estimate is obtained by minimizing the objective function (Bard,

1974)

N, N,
Nl v t . 2

op) = 3 Z} In [,Z, (vij = 911) } (18)

where N, is the number of observations, N, is the number of measured outputs, y;; is

output i at time j and J;;(p) is the corresponding model estimate as a function of the

parameters p. The output vector y; at time ¢; is given by:

C C
Yi=| Li = H10/Hoo 19)

o1 ‘ \/,Uzo/lioo = (10/H00)>
J

=t
where L, is the mean length of the crystals in the PSSD and o, represents the standard

deviation of the PSSD in L, direction.

4. Results

In this section, results of both the single crystal experiments and the fittings of ensemble
data in an agitated batch crystallizer using various models are provided. First, the
experimental results of the single crystal study are given in Section 4.1. Note that only
an analysis of G, is provided, as the growth rate in L, direction, i.e., the change in
the width of the crystals, is excruciatingly slow and therefore hard to quantify. The
observed significant dispersion of growth rates in L; direction, however, is taken in
Section 4.2 as motivation for the use of GRD models in the fitting of ensemble data

derived from batch desupersaturation experiments conducted at the same temperature
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(Ochsenbein et al., 2014). The findings of the nD PSD data fitting are divided into two

parts, representing the different assumptions made.

4.1. Single Crystal Experiments

The evolution of crystal length over time for a number of crystals during the course of
single crystal experiments is shown in Figure 4 where the change in time of L;-size
with respect to the initial value is plotted. The growth rate G, is initially different for
different crystals, exhibiting rather large variability around an average value. As time
goes by, growth slows down for all crystals and the variability seems to decrease. While
some level of fluctuation of the growth rates lying below the precision of the measure-
ment cannot be ruled out, it is clear that large, time-independent variations exist among
the different crystals. Given the line of reasoning in Section 3.4, the properties of the
seed crystals at time ¢ = 0 are of particular interest; it was therefore decided to utilize
only the first 60 minutes of the single crystal experiments, a period in which the growth
rate can be reasonably well approximated as constant.

The results of this analysis for 101 particles are visualized in Figure 5, where the scat-
ter plot of G; as a function of the initial crystal size together with the corresponding
histogram are reported. Visual inspection of the data appears to reveal a lack of size
dependence of G| with regard to the crystal length, L, and only a small effect of the
width L,. A quantitative assessment of potential size dependence can be performed by

means of nonlinear regression, in which the data set is fitted to, e.g.

G =ki(1+L)2 1+ L)k (20)

The result of said fitting is given in Table 2, where the estimated parameter values,
the #-statistics and the corresponding p-values are reported. In this table, the p-values
for k; and k3 are of interest. The high p-value obtained for k, (p = 0.54) indicates
that the null hypothesis (the data can be explained by a model with k, = 0; there is

no L; dependence) cannot be rejected. However, the same statement cannot be made
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for L,: the p-value of parameter k3 indicates that the null hypothesis can be rejected
with high probability and a size dependence of G| on L, is therefore probable. The
magnitude of the estimated size dependence (k3 = 0.32) can be compared to that of the
BL2E model presented in Ochsenbein et al. (2014), which was found to be 2.55 + 0.04.
Both the magnitude of the exponent and the sign of the derivative of G; with respect
to L, highlight that the true effect of size on the growth rate is marginal and cannot
explain the observed PSSD broadening in itself. Furthermore, given the bigger relative
measurement error in the width direction and the still largely unexplained variance in
the data (coefficient of determination > = 0.2), the assumption that the distribution
of growth rates is independent of the size distribution seems to be in fact a reasonable
approximation of the initial condition.

We emphasize that the above findings do not necessarily rule out the possibility of
having growth rates that are influenced by the initial fragment size of crystals born
via secondary nucleation (Wang and Mersmann, 1992; Zekic and Mitrovié, 1996), a
mechanism potentially important for 5 L-Glu (Cornel et al., 2009). However, the above
results suggest that, for the crystal population present at the beginning of our experi-

ments, i.e., for the seed crystals, this effect would have become negligible.

4.2. Fitting Ensemble Data

The results of fitting the ensemble data with the presented gap model and increasingly
complex convective terms are reported here. It should be noted that the presented fits
can be considered optimal neither in the sense of physical accuracy (as the descrip-
tions of all rates are merely empirical and cannot reasonably cover all possibilities)
nor mathematically (since a guarantee of optimality can generally not be provided for
these types of systems), therefore we cannot expect to conclusively validate any one
model and final parameters should be interpreted as purely empirical. It is worth not-
ing that our optimization routines did repeatedly converge to the same solutions also

when started from different initial guesses of the parameters. Regardless, we construct
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our argument based on the logic that the minimally complex description that is able to
explain the data satisfactorily is likely to possess a set of key features that are present

in the real system and we aim at finding such a model.

4.2.1. Static gap Model

As has been pointed out, the presence of a distribution of growth rates (caused by
some gap) invariably leads to a broadening of the PSSD in the direction of the cor-
responding characteristic size. Furthermore, the rate of PSSD broadening (do;;/df in
the case of the length direction) is higher when the the underlying gap distribution is
wider. The simplest possible assumption for the gap content of crystal is that it remains
constant over time, implying a zero rate of change Gy,. As pointed out by Gerstlauer
et al. (2001), the resulting model is essentially identical to the constant crystal growth
model, described for example by Zumstein and Rousseau (1987a,b), yet in our case it
is extended to account for particles with two characteristic lengths.

We attempted fitting the morphological PBE model using either BCF- or strain-type
growth rates and with or without w dependence of the width growth rate G, (i.e., four
different combinations). From these static gap models, the best BCF-type fit, repre-
sentative for all results with static gap-distributions, was obtained with the following

growth rates

Gi(S,w) = wpl (S = D*3 [ms™] (21a)
Gy($)=13%x102S - D' [ms7!] (21b)
Gy =0 [s7'] 21c)

and the resulting fit is illustrated in Figure 6. Furthermore, in Table 3, we report the
mean relative errors (MRE) of all quantities, defined for quantity  in a given experi-

ment as

20



462

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

1< vij = i

MRE: = | & JZ_; = (22)
Clearly, the model is incapable of describing the population data in an adequate manner,
whereas the single crystal data is fitted well by construction, cf. Figure 6(a). In fact, a
reasonable fit of o711 (third row of Figure 6(b)) must be accompanied by a large increase
of the average size of particles, whose magnitude is far greater than that observed
experimentally (second row of Figure 6(b)).
Unsurprisingly, the above result can be improved by fitting the initial gap distribution
using a normal distribution, i.e., by adding two additional parameters to each of the four
model variants mentioned above. In that case, the best fit was obtained using a strain-

type growth rate in the length direction and no w dependence in the width growth rate;

resulting in the following growth rate expressions

Gi(S.w) =6.6x 107 (Sexp(-w) - 1)'*  [ms™] (23a)
G2(S)=4.8%x107% (S — 1)*° [ms™] (23b)
Gy =0 [s7'] (23¢)

and a fitted initial gap distribution with a mean of 0.22 and standard deviation of 0.07.
Such a model allows to reduce the objective function value significantly, as can also be
seen from the overall much better fit in Figure 7(b) and the corresponding entry in Ta-
ble 3. However, this appreciable improvement in the description of the population data
requires a large modification of the initial gap distribution, resulting in a growth rate
distribution that is entirely inconsistent with the data obtained from the single crystal
experiments (cf. Figure 7(a)). In particular, in order to describe the PSSD data, from a
modeling point of view, a strong increase of the gap distribution variance is required.
This implies the existence a large number of particles whose growth is completely ar-

rested from the beginning of each experiment, an effect that reduces the increase in
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average size L, necessary to achieve a given gain in oy;.

Summarizing, it was found that describing the two data sets in any satisfactory manner
when using a gap rate of change of zero (G,, = 0) is impossible. While an accurate
description of only the PSSD data alone is feasible, this requires the conjuring of a
large number of non-growing crystals in the model. Such crystals were however not
observed in the single crystal experiments. Moreover, any static model will predict
a constant growth rate for each crystal, which markedly contradicts the time resolved

AL, vs. t curves obtained from the single crystal experiments (cf. Figure 4).

4.2.2. Dynamic gap Model

As discussed in Section 3.3.2, considering the possible physical causes that motivated
the introduction of the growth affecting property variable w in Section 3.1 it is not
unreasonable to assume that the absolute or relative content of the intrinsic property
might be subject to changes over time, i.e., that G,, # 0. The single crystal experiments
results (cf. Figure 4), too, seem to indicate a change of the growth rate over time. While
the information of the change in G contained in these experiments could not be utilized
in a quantitative manner (see Section 5.1 for details), these experiments allow us to
surmise two important qualities of the dynamic behavior of the GRD. First, it allows
us to infer the sign of Gy, (namely, Gy, is negative when using a BCF-type modification
of G; and positive in the strain-type case; the rate of growth slows down). Second, it
can be seen that the variance of the G| (and hence also the gap) distribution decreases
with time, which remains true regardless of the growth rate modification used.

The latter observation is of particular importance given the results with the static gap
model in Section 4.2.1, where it evident that the quality of fit for the batch data im-
proves with increasingly broad (static) gap distributions, yet that such distributions
differ significantly from the experimentally observed ones. Clearly, a mere decrease of
the growth rate—when applied to all crystal sizes uniformly— is therefore also not able

to describe the batch experiments.
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In order to reconcile the above considerations, we propose the presence of a selective
driving force that makes a certain type of crystals change their growth rate faster or
slower than others. One of the ways to achieve a significant increase in the width of the
PSSD in L, direction, oy, early on, is to make this driving force depend on the size of
the crystal. We therefore suggest the following empirical expression for the gap rate of

change, Gy,

Gy = Pw.1 L[;W‘ZGfW’B 24)

From the above mentioned models (employing the four different combinations of growth

rates) with this dynamic gap rate of change the following model yielded the best fit we

could identify
Gi(S,w) =2.0x 10 (S exp(-w) = 1)**  [ms'] (252)
Ga(S,w) =3.6x 107 (Sexp(-w) - )" [ms] (25b)
Gy =368 L;2°G!? [s7'] (25¢)

The fitting results are illustrated in Figure 8 and Table 3, where a clear improvement of
the quality of fit is visible. Nevertheless, there still exists a non-negligible discrepancy
between experimental results and model output, which might be caused by a (still) too
simplistic model of G,,. Moreover, while multiple initial points were evaluated in the
parameter space and different optimization algorithms were used, the identification of
global optima is a difficult endeavor for these complex models.

In addition to showing fitting outputs, analyses of the different marginal distributions
are possible. In Figure 9, various volume weighted, marginal distributions, (defined
in a similar manner as the size and shape distribution in Eq. (6)) for one experiment
(S0 = 1.20) in the beginning and end are shown; in the case of the PSSD, the model out-

put is compared with the experimentally measured distributions. Focusing first on the
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final PSSD (Figure 9(d)), one can see that the variance of the model output is slightly
too low, but that the overall movement of the PSSD is generally well captured. As
shown in the remaining marginal distributions, i.e. figures c) to f), there is a significant
torsion of the distribution. In the end of the process, larger crystals generally possess a
smaller gap content due to the fact that a) crystals with low gap content grow faster (in
the case of strain-type growth) and b) smaller crystals have a faster build-up of gap (cf.
Eq. (25¢)). Furthermore, in Figure 10, the initial/final gap and growth rate distribution
for the same operating conditions are shown, thus indicating that the growth rate dis-
tribution is indeed expected to decrease both in mean and variance over the course of
the process, a behavior not unlike that exhibited in the single crystal experiments (cf.
Figure 4).

In addition, we have tested the predictive capabilities of the dynamic gap model by
means of two types of comparisons, the results for which we report in Table 3. First,
the ability to interpolate was verified by fitting three out of the four experiments at 7 =
25°C and predicting a fourth, whose initial supersaturation lies in between the others.
Second, we have compared the model prediction with the parameters in Eq. (25) to an
additional experiment performed in our initial study, conducted at a higher temperature
(30°C) and with a supersaturation of 1.18 (labeled VER1 in (Ochsenbein et al., 2014)),
i.e., in this case we use the model to extrapolate in terms of temperature. In both cases,
the predictive capabilities of the model are satisfactory, as indicated by the small mean
relative errors in Table 3, with a clear decrease in accuracy for the latter case, in which
the model is extrapolated.

In order to arrive at a definitive picture of the physical mechanism(s) underlying growth
rate dispersion, a substantially extended experimental data set, consisting of experi-
ments conducted in realistic batch conditions as well as experiments probing the fun-
damental origin of the growth affecting property would be required (see also the dis-

cussion in Section 5). Nevertheless, a preliminary interpretation, consistent with the
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experimental evidence as well as with the proof-of-concept fitting results provided in
this article, shall be given. A valid hypothesis might be that the surface of the seed
crystals is initially rough, i.e., riddled with kink sites, leading to an acceleration of
growth in the early stages. With time, the particles might slowly undergo a healing or
refacetting step, whose duration and extent might be affected by the crystal size (e.g.,

via the total crystal surface area).

5. Discussion

5.1. Single Crystal Data

As one of the major goals of the current work is to establish a quantitative connection
between shape measurements conducted at the single particle and at the population
level, a discussion of the suitability of the used hot stage setup and the corresponding
single crystal data is essential. It is clear that, for any comparison to be meaningful,
the growth conditions in the lab-scale reactor and the hot stage should be compara-
ble. It is well-known that impurities in the crystals or in the solution could change the
growth rate (Sangwal, 2007; Vetter, 2012). However, all solutions and seed crystals
used in this work stem from the same batch of L-glutamic acid (which was also used
to generate the population data reported in Ochsenbein et al. (2014)) and have been
carried out using highly pure water as solvent. Therefore, the GRD observed in our
experiments cannot simply be explained by varying impurity profiles between different
experiments. However, we can immediately identify two important aspects that are
absent in the hot stage: stirring and particle collisions. Concerning the first point, it
has already been pointed out that the growth of 8 L-glutamic acid is slow enough to be
surface-integration controlled even in the absence of stirring. Regarding the missing
particle-particle (or particle-impeller/particle-wall) interactions: the growth rate dis-
tribution might well be affected by collisions, e.g., by causing imperfections in the

growing crystal surfaces. It seems reasonable to assume that collisions, due to their in-
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herently stochastic nature, would therefore intensify an inherently present growth rate
distribution. However, by additionally trying to fit the gap distribution in Section 4.2.1,
we have implicitly accounted for the possibility of a broader distribution. Regardless,
we believe that solely relying on single crystal experiments to characterize the extent
of GRD in an industrial crystallization process is not advisable.

Finally, we would like to comment on the possibility of extracting information regard-
ing Gy, (and its potential size dependence) from single crystal data. While potentially
feasible, a quantitative analysis would require a large number (>>100) of sampled crys-
tals, whose initial size and shape should ideally be controlled, a feat that is difficult
to achieve. While such measurements would be of great interest, we regard them as

beyond the scope of the current work.

5.2. Modeling and Fitting

The modeling and fitting procedures presented here are the key tools allowing for a
better interpretation of the experimental data. It is therefore important to clearly outline
the possible applications together with the limitations of the described morphological
population balance equations.

We emphasize the fact that an important assumption made is that of a size independent,
initial growth rate distribution. While the experimental evidence reported in Section 4.1
suggests that this approximation is a meaningful one, it is worthwhile to discuss the
potential ramifications of it being incorrect. Essentially, the necessity for Gy, to be a
function of size diminishes with increasing violation of the above assumption. Hence,
without a more detailed analysis of the size dependence of the growth rate dispersion
of the seed crystals, involving again the measurement of many more particles, we can-
not necessarily rule out the possibility that the proposed size dependence of Gy, is an
artifact of some underlying effects and care should be taken not to over-interpret the
results. Nonetheless, it should be noted that the dynamic gap model presented in Sec-

tion 4.2.2 neither represents just an increase in the number of parameters in order to
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fit more data better, nor does it serve as a simple shift of the size dependence from the
growth rate G| to some other convective term. The lack of a strong size dependence
of the growth rate together with the large observed scatter does necessitate the use of
(at least) one additional internal coordinate to achieve a more physically correct model.
The size and shape of crystals or the properties of the continuous phase, which are the
only physical variables in the classic population balance model without growth rate
dispersion, are demonstrably insufficient to explain both types of experimental obser-
vations reported here. Furthermore, the fact that a size dependent growth model is able
to fit the data (as demonstrated in Ochsenbein et al. (2014)) is a consequence of G, (or
the initial growth rate distribution) being a function of size, not the other way around.

Concerning the numerical complexity, the relatively high dimensionality of the gap
model together with the strongly varying convective terms make it barely suited for
use within an optimization routine. It is also for this reason that the achieved fits can
at best be described as a proof-of-concept. We thus do not recommend the use of such
models for the design or optimization of real processes, particularly given the unknown

physical nature of both w and Gy,.

5.3. Scientific and Industrial Relevance

Regarding the scientific and industrial value of this work, first and foremost, we high-
light the fact that the current study is indeed one of seed crystals and their properties,
i.e., crystals which enter the process with a history. Studies of seed materials are highly
relevant, since the overwhelming majority of industrial processes carried out in batch
crystallizers are seeded; however little is known regarding the systematic and mecha-
nistically informed preparation of such particles.

Additionally, this work concerns itself with the evolution of GRD over time. As such, it
lays the basis for a better understanding of how growth kinetics are affected by process
conditions. Note that these effects might be either unintentional, as in the case of

needle breakage, or deliberate. Clearly, gaining insight in what causes GRD and how
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to reproduce it-or even minimize it—could be of considerable value in this context.

6. Conclusion and Outlook

The growth rate dispersion of 8 L-glutamic acid needles in the length direction was
investigated by means of two independent imaging methods, one dedicated to the mea-
surement of the instantaneous particle size and shape distribution in the crystallizer
over time, the other to the tracking of the particle morphology for individual crystals.
After deducing the presence of a growth affecting property (gap) in the crystals from
single crystal data, the population balance framework was used to design a description
of the system, the gap model, that allows combining the complementary information
contained in both data sets through the initial condition. It was further shown that the
gap content in the particles is subject to change over time. Finally, through a proof-of-
concept fitting procedure, the hypothesis that the rate of change is influenced by particle
size was formulated and found to yield a plausible explanation for the experimentally
observed phenomena. However, in order to conclusively rule out other possibilities,
further experimental data would be required, as we have highlighted throughout this
article.

We perceive the value of this study to be two-fold: first, it highlights the added benefit
that results from using multi-scale approaches that employ a combination of indepen-
dent measurement techniques to the study of crystallization phenomena, since indi-
vidual tools may not offer full insight into the different aspects affecting the process.
While this work focuses on crystal growth, we believe this to be true also in the case
of nucleation, agglomeration, etc. Second, the present work showcases the potential
benefits of using quantitative analysis of experimental data sets through process mod-
els. While the resulting mathematical description may not necessarily be practical as
a design tool for process optimization, it represents a more comprehensive and physi-

cally sound view of the observed phenomena, thus allowing for a deeper understanding
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of the process. The resulting qualitative lessons could then be used to guide process

development as well as to identify further research directions in order to establish a

more complete picture of crystallization.
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objective function for parameter estimation
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Table 2: Nonlinear regression results of G| data

Estimate st. dev. t-statistic p-value

k;  3.00E-03 1.00E-03 2.41 0.02
k, 0.04 0.06 0.61 0.54
ks 0.32 0.07 4.38 3.00E-03
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Figure 1: Schematic of the Hot Stage Setup.
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Figure 2: Example image of a 8 L-glutamic acid crystal in the hot stage.
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Figure 3: Schematic of the fitting procedure.
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Figure 4: AL; vs. time curve for different crystals. Individual measurement points are given by the mean
of three size evaluations. Initial size vectors for the crystals: LA = [505, 59]7 pum, LB = [442, 38]T um,
LC =[261, 46]7 um, LP = [152, 45]7 um, LE = [228, 34]7 um, LF = [177, 33]7 um.
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