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Abstract2

The polymorph selection in a continuous crystallization process combined with3

wet milling is investigated. To this end, a dimensionless population balance equation4

model accounting for secondary nucleation, crystal growth and breakage is formulated5

and solved numerically. We show that a surprisingly small number of dimensionless6

parameter groups (combinations of kinetic parameters and operating conditions) is7

decisive to control the polymorphic outcome. Specifically, we show how the operating8

region where the stable polymorph is obtained can be enlarged by tuning the milling9

intensity, feed concentration, and residence time. We further rationalize the dependence10

of the mean size of the particles obtained, the fraction of solute recovered and the11

productivity of such a process on the dimensionless variables. We showcase this for the12

model system L-glutamic acid crystallized from water and show that our analysis is in13

agreement with previously reported experimental studies. Summarizing, the analysis14

approach introduced here can be used to identify operating spaces for single stage15
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continuous crystallization processes where the right polymorph is reliably obtained16

and where size, solute recovery and productivity are guaranteed to desired levels.17

1 Introduction18

Polymorphism is the ability of a given compound to crystallize in at least two different crystal19

structures in which the crystal’s building blocks, e.g., molecules, can adopt different packing20

arrangements and/or conformations1–3. Since polymorphs are structurally different, their21

stability (and therefore their solubility), as well as a multitude of other properties can vary22

substantially. For example, differences in hardness4, crystal shape5, electrical and optical23

properties6, dissolution and bioavailability behavior7,8, have been reported. In the case of24

differences in crystal shape, surface properties, and hardness, downstream processes, such as25

filtration, drying and tabletting, are potentially impacted by polymorphism5,9–11. Due to its26

effect on bioavailability and dissolution behavior, polymorphism occurring in the context of27

pharmaceuticals can also affect the efficacy, market competitiveness and ultimately a prod-28

uct’s safety12,13. On this account the design of controlled processes that ensure the consistent29

production of a desired polymorph with best performance properties is an important goal in30

the manufacturing of crystalline solids14–16.31

Consequently, numerous accounts in the literature have considered the influence of different32

operating conditions on polymorph selection in batch processes, such as solvent selection17,33

supersaturation18, temperature19, seed crystals20, templating21, and additives22. Kinetic34

and thermodynamic insights gained from such studies have been amalgamated into efficient35

strategies that control the polymorphic outcome of batch crystallization processes, where,36

most often, the stable polymorph was targeted23–27.37

For polymorph selection in continuous crystallization processes, Lai et al.28,29 reported the38

possibility to selectively produce the targeted polymorph in a mixed suspension, mixed39

product removal crystallizer (MSMPRC) via stable steady-state operation for L-glutamic40
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acid (LGA) and p-aminobenzoic acid polymorphs, where they reported operating conditions41

that reliably yield either the stable or metastable polymorph. Similarly, Agnew et al. 30 suc-42

cessfully produced the metastable polymorph (form II) of paracetamol with high polymorph43

selectivity in two different continuous crystallization platforms. Motivated by the observa-44

tions of Lai et al.28,29, Farmer et al. 31 elucidated these results through steady state analysis.45

That work has shown that the polymorphic outcome in an MSMPRC process that is domi-46

nated by crystal growth and nucleation can be accurately predicted once two dimensionless47

stability groups—modified Damköhler numbers—are known. In essence, these dimension-48

less groups represent ratios of the characteristic time for nucleation and growth, the process49

time (residence time of the crystallizer) and the feed concentration. Their results are there-50

fore valid for any polymorphic crystallization process conducted in an MSMPRC, as long51

as nucleation and growth are the dominating kinetic phenomena occurring in the process.52

Subsequently, the same authors have extended their analysis to cases where agglomeration53

occurs32.54

While agglomeration is tunable only to a certain degree in a crystallizer (by changing the55

hydrodynamics, supersaturation, solvent and temperature), the reverse process, i.e., crystal56

breakage can be induced in a targeted manner and with widely different degrees of intensity.57

It therefore represents an attractive “handle” to tune a process towards a desired outcome.58

Wet milling has been used successfully for a variety of purposes in continuous crystallization59

processes, such as the in situ generation of seeds through attrition/secondary nucleation33–35
60

and for reducing the mean size of crystals36,37. Since crystal breakage affects the number,61

size and therefore the surface area of crystals, it is not too surprising that an effect should62

be visible on the steady state behavior of a continuous crystallizer. Processes manufacturing63

polymorphs are no exception to this. Surprisingly, the effect of crystal breakage on the64

polymorphic outcome of a continuous crystallization process seems to have received limited65

attention so far. In this context, Köllges and Vetter 38 operated a continuous crystallization66

process with wet milling (equivalent to the one depicted in Figure 1) and have shown that67
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the use of wet milling allows to achieve the manufacture of the stable β polymorph of LGA at68

operating conditions (feed concentration, crystallizer temperature and residence time) that69

would lead to the metastable α polymorph without milling. It was also shown in that paper70

that the use of milling increases the productivity of the overall process considerably.71

While the study by Köllges and Vetter 38 provided a case study on a specific substance, an72

in-depth study into how this phenomenon depends on the kinetics of the major mechanisms73

occurring in the process (nucleation, crystal growth and breakage) is still absent from the74

literature. To explore this, we present in Section 2 a dimensionless population balance75

equation and explore how the polymorphic outcome of the continuous process depicted in76

Figure 1 depends on key parameter groups that are amalgamations of kinetic constants, as77

well as operating parameters. Apart from the previously mentioned modified Damköhler78

numbers, we identified a surprisingly small number of additional dimensionless groups that79

describe the breakage intensity. The resulting model therefore allows predictions about80

the polymorphic form obtained in the presence of milling. In Section 3, we show how the81

operating space in which a desired polymorph can be reliably manufactured, changes in82

dependence of these dimensionless groups. Furthermore, we explore the influence of these83

parameters on additional product and process characteristics, such as the mean size of the84

crystals, as well as product recovery and process productivity. Conclusions are presented in85

the final section of this article.86

2 Population balance model for continuous process in87

the presence of wet milling88

In order to model the evolution of the particle size distribution of different polymorphs89

occurring in the process depicted in Figure 1 the population balance equation (PBE) frame-90

work39,40 is used. The PBEs for both polymorphs are coupled to a solution phase mass91

balance describing the evolution of the liquid phase composition over time. Treating the92
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Figure 1: Process flow sheet of a continuous crystallizer with wet milling.

combination of crystallizer and mill as one well-mixed processing unit (which we will, for93

simplicity still refer to as MSMPRC in the remainder of this article)33,34,41, the population94

balance equation model for polymorph i can be written as:95

∂fi(L, t)

∂t
= −fi(L, t)

τ
−Gi

∂fi(L, t)

∂L
+

∞∫
L

Ki(λ)di(λ, L)fi(λ, t) dλ−Ki(L)fi(L, t) (1)

where fi(L, t) is the number density distribution for polymorph i in the MSMPRC, L is the96

characteristic size of the crystals, t is time, τ is the residence time of the MSMPRC, Gi is97

the size-independent growth rate, Ki is the breakage rate of the crystals, and di represents98

the distribution of fragments resulting from breakage33,41,42. The PBE is subject to initial99
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and boundary conditions as follows:100

fi(L = 0, t) =
Ji
Gi

for c > csat,i

fi(L =∞, t) = 0

fi(L, t = 0) = fseed,i(L)

(2)

where Ji is the nucleation rate, c is the solute concentration in the liquid phase, csat,i is the101

solubility of polymorph i at the conditions in the MSMPRC and fseed,i(L) is the particle size102

distribution of the seed crystals. The PBE formulated in this way therefore accounts for103

crystal growth, nucleation, transport of particles out of the crystallizer through flow, as well104

as crystal breakage (induced by the mill and any other cause of breakage). Note that the105

boundary condition at L = 0 only applies when the current solution phase concentration in106

the MSMRPC is above the solubility of polymorph i (i.e., the solution is supersaturated with107

respect to that polymorph)40,43. When this is not the case Gi becomes a dissolution rate108

(Gi ≤ 0) and particles crossing L = 0 cease to exist. In such a case, a correct description of109

the dynamics of the process would require the implementation of a dissolution rate for that110

polymorph. However, in the present work we are exclusively interested in the steady state111

behavior of the single stage process depicted in Figure 1. At steady state concentrations at112

or below the solubility of polymorph i, the particle size distribution of this polymorph is zero,113

i.e., no particles of this polymorph are present in the crystallizer. For numerical convenience,114

we have thus not modeled the dissolution rate of the undersaturated polymorph (we set115

Gi = 0) and merely let it wash out of the crystallizer through the flow term. While this does116

affect the time the system requires to reach steady state, it neither affects the value of the117

steady state nor its stability (as others have realized and argued for already28,29,31)a. The118

benefit of this simplified treatment is that numerical solutions of the PBE can be attained119

quicker. To track the change of solution concentration over time, the mass balance for the120

aThis is the case for a single stage MSMPRC process; for cascades the dissolution rate can affect the
steady states obtained.
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liquid phase is written as:121

dc(t)

dt
=
c0 − c(t)

τ
− 3

∑
i

kv,iρiGi

∞∫
0

L2fi(L, t) dL (3)

where c0 is the feed concentration, kv,i indicates the volumetric shape factor, which is a122

dimensionless constant relating particle volume to the cube of its size39 and ρi is the crystal123

density of polymorph i. In the context of this work, we are considering a system with two124

polymorphs, denoted α and β, where the β polymorph is the stable one at all conditions.125

The constitutive equations used to describe the rate laws occurring in Eqs. (1) and (2) are126

summarized in Table 1. In summary, we are using power laws to model the crystal growth

Table 1: Constitutive equations used in the population balance equation modela,b

mechanism equation

nucleation Ji = kn,i

(
c

csat,i
− 1
)ni

µ2,i

crystal growth Gi = kg,i

(
c

csat,i
− 1
)gi

breakage rate Ki(L) = kb,i

(
L
L0,i

)bi
daughter distribution di(λ, L) = 3L2(2qi + 1)

(
2
λ3

)2qi+1
(
L3 − λ3

2

)2qi
a µ2,i is the second moment of the particle size distribution of polymorph i, defined as:

µ2,i =
∞∫
0

L2fidL.

b L0,i is a scaling factor which is defined as: L0,i = kg,iτ
(
c0−csat,β
csat,i

)gi
(see below for the

motivation behind this scaling factor).

127

rates of the polymorphs and we are assuming that nucleation proceeds through secondary128

nucleation exclusively. The breakage rate is assumed to scale with the size of the crystals129

and the fragment size distribution assumes that two fragments are formed in each breakage130

event (i.e.,
∫ λ
0
d(λ, L) dL = 2). The daughter distribution can be tuned to represent attrition131

(formation of a large and small fragment, high qi values) and fragmentation (formation of132

fragments of similar size, low qi values).133

For the purpose of reducing the number of parameters in the model, we now express the134
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model in dimensionless form. In order to enable a comparison with the earlier work of Farmer135

et al. 31 we closely follow their selection of scaling constants. Hence, the following variables136

representing dimensionless concentration (y) and dimensionless time (ξ) are introduced:137

y =
c− csat,β
c0 − csat,β

∈ [0, 1]

ξ =
t

τ

(4)

Since Farmer et al. 31 considered only nucleation and crystal growth, they were able to obtain138

solutions to their model by formulating dimensionless moment equations. However, since139

breakage is considered in this work, we require solutions for the full particle size distributions140

occurring in the MSMPRC (at least with the constitutive equations we have chosen). We thus141

formulate dimensionless characteristic sizes (xi) and dimensionless particle size distributions142

(hi) as follows:143

xi =
L

kg,iτ
(
c0−csat,β
csat,i

)gi
hi(xi, ξ) =

[
3kv,ik

4
g,iτ

4

(
c0 − csat,β
csat,i

)4gi ( ρi
c0 − csat,β

)]
fi(L, t)

(5)

Inserting these quantities into the PBE of each polymorph (Eq. (1)) and into the mass144

balance (Eq. (3)) leads to their dimensionless equivalents:145

∂hα(xα, ξ)

∂ξ
= −hα(xα, ξ)− (y + γ)gα

∂hα(xα, ξ)

∂xα

+ kb,ατ

 ∞∫
xα

εbαα dα(εα, xα)hα(εα, ξ)dεα − xbαα hα(xα, ξ)

 (6)

146

∂hβ(xβ, ξ)

∂ξ
= −hβ(xβ, ξ)− ygβ

∂hβ(xβ, ξ)

∂xβ

+ kb,βτ

 ∞∫
xβ

ε
bβ
β dβ(εβ, xβ)hβ(εβ, ξ)dεβ − x

bβ
β hβ(xβ, ξ)

 (7)
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dy

dξ
= 1− y − (y + γ)gαω2,α − ygβω2,β (8)

where the dimensionless group γ is introduced that reads as:147

γ =
csat,β − csat,α
c0 − csat,β

< 0 (9)

In Eq. (8) we have used the second moment of the dimensionless particle size distribution of148

polymorph i, ω2,i, which is defined by:149

ω2,i =

∞∫
0

x2ihi(xi, ξ) dxi (10)

At conditions where the solution is supersaturated with respect to a given polymorph,150

Eqs. (6) and (7) are complemented with dimensionless boundary conditions:151

hα(xα = 0, ξ) =
1

2
Daα(y + γ)nα−gαω2,α (11)

152

hβ(xβ = 0, ξ) =
1

2
Daβy

nβ−gβω2,β (12)

Here, we have used the modified Damköhler numbers, Dai, as already introduced by Farmer153

et al. 31 :154

Dai = 2kn,ik
2
g,iτ

3

(
c0 − csat,β
csat,i

)2gi+ni

> 0 (13)

Using the dimensionless population balance equations and mass balance defined above, it is155

easy to show that—for the case without breakage, i.e., kb,iτ = 0—the dimensionless moment156

equations formulated by Farmer et al. 31 can be recovered.157

The dynamic stability of steady states in an MSMPRC governed by the above equations158

is therefore in general dependent on the following dimensionless parameters or parameter159

groups: γ, gi, ni, Dai, kb,iτ , bi, qi (for two polymorphs this amounts to 13 parameters). This160

is obviously still a large number of parameters, but represents a reduction from the non-161
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dimensionless model (21 parameters). Furthermore, by obtaining numerical solutions to the162

above equations, we will show that some of the dimensionless parameter (groups) are more163

important than others. In order to obtain the numerical solutions, we have implemented a164

numerical procedure based on a finite volume technique following the works by Qamar et165

al.44,45 and Kumar and Kumar 46 . The derivation of this procedure and further numerical166

details are given in the supplementary information.167

3 Results and discussion168

3.1 Validation of the numerical scheme for the case without break-169

age170

Farmer et al. 31 provided analytical solutions for moment equations resulting from the above171

dimensionless model when considering the case without breakage (kb,iτ = 0). They have172

shown that the polymorphic outcome of the process can be represented when two dimen-173

sionless parameter groups, Φα and Φβ, are known. The definitions of these stability groups174

read as follows:175

Φα =

[
Da

−1
2gα+nα
α − γ

]−1
(14)

176

Φβ =

[
Da

−1
2gβ+nβ

β

]−1
(15)

Hence, the values of Φα and Φβ are amalgamations of the model parameters Dai, gi, ni, and177

γ. In order to validate the numerical solution procedure we are using in the remainder of this178

article, simulations have been run for different Φα and Φβ values in the absence of breakage.179

Each simulation was started with a mixture of α and β crystals present in a solution that180

is supersaturated with respect to both polymorphs. Hence, the simulations are guaranteed181

to converge on the dynamically stable steady state, provided they are run to sufficiently182

high values of the dimensionless time ξ. The simulation results are illustrated in Figure 2183
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where the color of the dot in the (Φα,Φβ) plane indicates the polymorph obtained (yellow184

dot for β polymorph, blue dot for α polymorph; only polymorphically pure steady states185

were observed for the Φi values indicated). The analytical stability boundaries obtained186

by Farmer et al. 31 are shown as the black solid lines. Their analysis showed that pure β187

polymorph is obtained at the dynamically stable steady state for Φβ > Φα and Φi > 1, while188

the α polymorph is obtained for Φα > Φβ and Φi > 1. In the trivial region of Φα < 1 and189

Φβ < 1, no crystals exist in the crystallizer at steady state because the mass deposition rate190

for crystallization is smaller than the mass removal rate through the outflow of particles191

from the crystallizer. When Φα = Φβ, mixtures of the α and β were obtained. The figure192

therefore indicates that our numerical results are in excellent agreement with the analytical193

results of Farmer et al. 31 .194

3.2 Mean size of crystals obtained at steady state in the case195

without breakage196

Apart from determining which polymorph occurs at steady state in the continuous crystal-197

lization process, the value of Φi can be used to gain further information about the process198

steady state as well, such as the concentration at steady state and average particle size.199

Based on the definition of Φi, the dimensionless steady state concentration, yss, is equal to200

the reciprocal value of Φi, where form i is the steady state polymorph. Therefore, increas-201

ing Φi results in a decrease of yss, which means a larger fraction of solute will be recovered202

from the solution (as discussed later). The dimensionless average size of the steady state203

polymorph, ω4,i/ω3,i, depending on which is the steady state polymorph, can then be found204

asb:205

ω4,α

ω3,α

= 4 (yss + γ)gα = 4

(
1

Φα

+ γ

)gα
(16)

206

ω4,β

ω3,β

= 4y
gβ
ss = 4

(
1

Φβ

)gβ
(17)

bThe detailed derivation is presented in the supplementary information
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Figure 2: Stability diagram for polymorph selection without breakage. Here, each dot rep-
resents one simulation result which was run under corresponding Φα and Φβ. Yellow dots
indicate pure β polymorph, while blue dots represent pure α polymorph. For simulations in
the trivial region, there are no crystals produced at steady state.

for α and β, respectively.207

Displaying Eqs. (16) and (17) in the (Φα,Φβ) plane, one obtains Figure 3, where the dimen-208

sionless average size is shown using a colormap. In the region where the α polymorph is209

dynamically stable, the dimensionless average size ω4,α/ω3,α is exclusively dependent on the210

parameters Φα, gα and γ. On the other hand, for the region of the β polymorph, only Φβ and211

gβ are required to determine the dimensionless average size. As demonstrated in Figure 3,212

the value of dimensionless average size ω4,i/ω3,i is constant for constant Φi in the region213
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Figure 3: Dimensionless average size ω4,i/ω3,i obtained in a continuous crystallizer at steady
state for different Φα and Φβ. The colorbar represents the value of ω4,i/ω3,i. The dashed
isolines represent the points with the same ω4,i/ω3,i, as labelled. This figure shows a case
with the following parameters: γ = −0.1, gα = gβ = 1.5.

where form i is dynamically stable; i.e., it does not depend on Φk (k 6= i). Furthermore, the214

value of the dimensionless average size ω4,i/ω3,i decreases as Φi increases. Besides, for the215

same value of Φα and Φβ, the dimensionless average size ω4,i/ω3,i will always be smaller for216

polymorph α (if gα = gβ, like in the case shown in Figure 3) due to the presence of γ in217

Eq. (16). γ, shown in Eq. (9), is a parameter to weigh the solubility difference between the218

stable and the metastable polymorph; in the way it is defined, it always yields a negative219

value. As a consequence, the red dashed isolines in Figure 3 illustrate that to obtain the220
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same value of ω4,α/ω3,α and ω4,β/ω3,β, the required value of Φi is smaller for polymorph α221

compared to polymorph β. However, it is crucial to highlight that the actual average size222

does not only depend on the dimensionless average size; their relationship, indeed, is the223

following224

Lmean =
µ4,i

µ3,i

= kg,iτ

(
c0 − csat,β
csat,i

)gi ω4,i

ω3,i

(18)

Therefore, τ and c0 also play a major role in the value of the actual average size for polymorph225

i in an MSMPRC at steady state at a defined temperature. The dimensionless average size226

and actual average size in the (Φα,Φβ) plane will be discussed and compared below when227

evaluating these relationships for a specific model system.228

3.3 Results for the case with breakage229

After validating the robustness of our model for the case without breakage, we now turn to230

the situations with breakage. As described before, the dynamic stability of steady state in231

an MSMPRC is in general governed by the following dimensionless parameters or parameter232

groups: γ, gi, ni, Dai, kb,iτ , bi, and qi. Reasonable ranges for these parameters were investi-233

gated to test the sensitivity of the stability boundary against changes in these parameters.234

γ = −0.1, −0.2 and −0.3 were used in the simulation process based on its expression in235

Eq. (9). gi and ni are exponents occurring in the power law expressions for growth rate236

and nucleation rate respectively. Ohara and Reid 47 compiled different crystal growth mod-237

els in which gi mainly varied from 1 to 2. Therefore, we obtained simulation results for238

g ∈ {1, 1.5, 2} in our work. Tseng and Ward 48 showed an overview of different substances239

and parameters of power law expression for nucleation. In light of that work, the values of ni240

were selected as 1.5, 2.5 and 3.5 to cover the majority of nucleation cases. Surveying different241

literature sources36,49,50, one can see that kb,i, the breakage rate prefactor, can take a large242

range of values. Here, kb,iτ was combined together, as a dimensionless group, to represent243

different levels of breakage in an MSMPRC. The range of kb,iτ was selected from 0 to 7.5;244
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this range of values should be well attainable in typical suspension mills for many substances.245

Indeed, we will show below that the mean particle sizes obtained from our model take re-246

alistic values when specifying kb,iτ in the mentioned range. bi is the exponent occurring in247

the power law expression for breakage rate; we tested values of 1, 1.5 and 2 for it. qi is the248

integer parameter to adjust the size of the two fragments produced by breakage, for which249

values of 2, 5 and 10 were chosen. This covers cases from particle fragmentation, where two250

roughly equal-sized fragments are formed in a breakage event (qi = 2), to attrition, where251

the two fragments formed by a breakage event have a large size difference (qi = 10). The252

parameters for the base case used in our simulations are listed in Table 2. In the following253

we will in detail investigate the effect of kb,iτ on the polymorph selection occurring in the254

MSMRPC (as well as the influence of both Φi), because it plays a major role in describing255

the intensity of the breakage process. The effect of the other parameters listed in Table 2 is256

detailed in the supplementary information.257

Table 2: Parameter values for the base casea,b

parameter value

gi 1.5
ni 2.5
kb,iτ 2.5
qi 2
bi 1
γ –0.1

a All parameters here are dimensionless values.
b i is for both α and β polymorph.

We start our discussion by assuming that the two polymorphs break equally, i.e., kb,ατ =258

kb,βτ . The stability boundaries resulting in this case are displayed in Figure 4(a). The259

black lines indicate the stability boundaries of the reference case without breakage. The260

red lines show the stability boundaries obtained at increasing values of kb,iτ (holding all261

other parameters constant). One major trend is that the stability region of the α polymorph262

shrinks for increasing values of the breakage parameter—even though the two polymorphs263
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are breaking equally. That means that the operating region where the stable polymorph264

(β polymorph) can be obtained becomes larger. In addition, one can see that the low Φi265

area is more sensitive to this trend compared to areas of high Φi. Interestingly, the area266

of the trivial steady state (where no particles are present at steady state; 0 < Φα < 1267

and 0 < Φβ < 1) is strongly affected by introducing breakage as well. In order to identify268

the position of the boundaries of this trivial area from our numerical solutions, we have269

identified the combination of Φi values where the dimensionless steady state concentration,270

yss, becomes larger than 0.999c. From the inset in Figure 4(a), we can see that the trivial271

region shrinks with increasing values of the breakage parameter. Ultimately, at high enough272

values of kb,iτ , the trivial steady state disappears completely from the (Φα,Φβ) plane. Since273

breakage introduces an additional way to generate particles in the crystallizer (in addition274

to nucleation) and it increases surface area (at constant particle mass), it makes sense that275

lower Φi values lead to steady states with a sustainable particle population when breakage276

is present.277

Since the two polymorphs can have different morphologies and mechanical properties, it is278

likely that they break with different rates. We are investigating this more general case in279

Figure 4(b)–(c). Investigating the extreme case where only one of the two polymorphs breaks280

(either β or α) yields the stability boundaries reported in Figure 4(b) and (c), respectively.281

When only the stable polymorph undergoes breakage (Figure 4(b)), the behavior of the282

stability boundary with respect to increasing kb,βτ is qualitatively similar to the case where283

both polymorphs break equally. However, the same value of kb,βτ shifts the boundary deeper284

into the α region. Conversely, when only the metastable α polymorph breaks (Figure 4(c)),285

the stability region of the α polymorph expands at low Φi values, while it remains similar to286

the case without breakage at high Φi values. When both polymorphs break, but at different287

rates, cases such as the one depicted in Figure 4(d) are obtained, where we have kept kb,βτ288

constant, but varied kb,ατ . Here, the stability boundary is shown to be able to cross the289

cIn other words, this means that we have identified the position of these boundaries to within 0.001 in
the (Φα, Φβ) plane.
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(a) (b)

(c) (d)

Figure 4: Maps of polymorph stability in the (Φα,Φβ) plane for different breakage intensities.
(a) Both polymorphs breaking with equal rates (kb,ατ = kb,βτ ∈ {0.25, 0.5, 0.75, 2.5, 5, 7.5}).
(b) Only the β polymorph breaks (kb,ατ = 0, kb,βτ ∈ {2.5, 5, 7.5}). (c) Only the α polymorph
breaks (kb,βτ = 0, kb,ατ ∈ {2.5, 5, 7.5}). (d) Both polymorphs break, but with different rates
(kb,βτ = 2.5, kb,ατ ∈ {2.5, 5, 7.5}). The black lines show the stability boundaries for the case
without breakage in each subfigure. The inset in (a) shows the trivial region enlarged.

Φα = Φβ line. Furthermore, in such cases the influence of breakage on polymorph selection290

at low Φi values becomes dependent on the specific combination of values used, while the291

behavior is again dominated by the stable polymorph at larger Φi values.292

As illustrated in Figure 4(a), the trivial region, in which no crystals are present at steady293

state, shrinks with increasing breakage intensity (increasing kb,iτ). To investigate this fur-294
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ther, we will now consider the case where new crystals are solely formed through breakage,295

i.e., we investigate how this trivial region behaves when setting the nucleation rates of both296

polymorphs to zero (kn,i = 0, which also means Dai = 0). The results of such simulations are297

shown in Figure 5. There is a trivial region (where no crystals are present) in the lower left298

corner in both panels (yellow rectangle in (a), white rectangle in (b)). The stability bound-299

ary is shown as the black dashed line. In the left panel the colormap shows the dimensionless300

concentration at steady state, while in the right panel it shows the dimensionless average size.301

One can see that above a specific breakage intensity (above specific values of kb,iτ) steady302

states with a sustainable population of either α or β crystals are obtainedd. This indicates303

that the addition of breakage to the process can lead to acceptable process performance even304

for very poorly nucleating compounds. Considering the left panel displaying the dimension-305

less concentration at steady state in more detail, we see that the contour lines are vertical306

in the region where the α polymorph is produced and horizontal in the region where the β307

polymorph is produced. This indicates again that (apart from the values on the black line)308

the steady states obtained are polymorphically pure. Furthermore, as expected, the results309

indicate that increasing breakage intensity leads to a process with higher product recovery.310

The panel on the right shows the dimensionless average size obtained from the processes. As311

expected, we see that the contour lines are vertical/horizontal in the respective regions and312

that the particles become smaller the higher the breakage intensity.313

3.4 Application to a model system: L-glutamic acid crystallized314

from water315

To illustrate the approach presented above and supplement it with a case study, we now316

study the cooling crystallization process of the model compound L-glutamic acid (LGA)317

crystallized from water as a solvent. We will first introduce the case study and illustrate318

dThe numerical value of kb,iτ where this transition occurs depends on the functional forms of the breakage
rate and the daughter distribution, as well as the value of γ.
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(a) (b)

Figure 5: Maps of polymorph stability in the (kb,ατ , kb,βτ) plane for the case where neither
polymorph is able to nucleate, i.e., new crystals are solely formed through breakage (kn,i = 0,
hence Dai = 0). The black lines indicate the stability boundaries. The yellow region in (a)
and the white region in (b) indicate the trivial region where no crystals are present at steady
state, which is limited by the black solid lines. The colored area below the dashed black line
is the region where the α polymorph is obtained, whereas the β polymorph is obtained in
the colored region above the dashed black line. The colormap indicates the dimensionless
steady state concentration in (a), whereas it represents the dimensionless mean size of the
polymorph obtained in (b). Contour lines for specific values of the dimensionless average
size are also shown with red dotted lines in (b).

the region in the (Φα, Φβ) plane that is accessible for this system (Section 3.4.1), and then319

proceed to analyze in which region each polymorph can be manufactured for the case without320

crystal breakage (Section 3.4.2) and for the case with crystal breakage (Section 3.4.3). For321

the two latter sections, we also analyze the mean sizes, fraction of product recoverable and322

process productivity.323

3.4.1 Introduction to the case study324

LGA crystallizes in two polymorphs; the stable β polymorph and the metastable α poly-325

morph, which are monotropically related. The kinetics and solubilities of both forms have326

been well-reported in the literature28,51–58. Specifically, in the context of continuous crys-327

tallization, Lai et al. 28 , as well as Farmer et al.31,32 have presented a contiguous set of328

experimental and/or model data. Recently, model and experimental results including break-329
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age have been presented by Köllges and Vetter 38 as well. By choosing the model substance330

and specifying the crystallizer temperature (25◦C throughout the rest of this work), the331

physical properties and the solubilities of both polymorphs become determined. Further-332

more, the parameters appearing in the nucleation and growth rate expressions become fixed.333

An overview of these values is reported in Table 3. This leaves the feed concentration, the334

residence time in the crystallizer, as well as the breakage intensity as operating conditions335

that can be chosen. As laid out above, the combination of these values will determine the336

polymorphic outcome, the particle size distribution obtained, and in turn the productivity337

and product recovery of the process. In a cooling crystallization, the upper bound of the feed338

concentration is given by the thermal stability of the solute or the solubility of the solute at339

the boiling point of the solvent (whichever occurs at lower temperature). Conversely, the feed340

concentration is also subject to a lower bound, because a meaningful crystallization process341

has to be fed with a solution that is supersaturated (with respect to at least one polymorph)342

at the temperature the crystallizer is operated at. Hence, we have chosen the lower limit343

of the feed concentration, c0, as 10 kg m−3 which is slightly higher than the solubility of344

the β stable polymorph at 25◦C. The upper limit of the feed concentration was chosen as345

50 kg m−3 water (roughly the solubility of the polymorph β at 75◦C52,57; note that LGA346

was recently shown to undergo degradation at temperatures in excess of this value38). The347

range of residence times realizable in an MSMPRC is bounded by considerations regarding348

the transport of suspension from the crystallizer (e.g., the flow velocity in the outlet pipe349

has to be chosen such that size classification does not occur, that particles get transported350

efficiently from the crystallizer and, of course, the particles have to fit through the pipes351

without clogging them). As such, the feasible range of residence times is indirectly depen-352

dent on the scale of the process. Here, we are choosing a generous (i.e., wide) range from353

0.1 to 100 h.354

With the crystallization kinetics and the physical properties specified and the operating355

conditions bounded, the region of operating conditions for LGA can be readily displayed356
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Table 3: Nucleation and growth kinetics parameters and LGA crystal properties used in
this worka,b,c

parameter α polymorph β polymorph

kg,i 1.3× 10−8 m s−1 1.6× 10−9 m s−1

gi 1.31 1.10
kn,i 3.81× 104 m−2 s−1 7.95× 102 m−2 s−1

ni 2.62 2.81
kv,i π/6 0.01
ρi 1532 kg m−3 1569 kg m−3

csat,i 11.36 kg m−3 8.51 kg m−3

a Data of kg,i, gi, hi and kv,i were all taken from Lai et al. 28 , the value of nucleation rate
pre-factor kn,i was obtained by using higher fidelity adjustment factors from Farmer
et al. 32 .

b The density of polymorph α and β were gained from Lehmann and Nunes 59 and Hi-
rokawa 60 , respectively.

c The saturated solubility of polymorph α and β were fitted from Manzurola and Apel-
blat 52 , Mo et al. 57 .

into the (Φα, Φβ) plane, see the green area in Figure 6. Every point in this area can be357

chosen by specifying the residence time and feed concentration in the crystallizer. The area358

is bounded by different combinations of the lower and upper bounds of the feed concentration359

and residence time, see the blue and red solid lines and their annotations in the figure. We360

have also drawn lines in the inner part of this region to indicate the movement of the steady361

state operating point when increasing residence time at constant feed concentration (blue362

dashed line) and when increasing feed concentration at constant residence time (red dashed363

line).364

3.4.2 Analysis of polymorph stability, product recovery and process productiv-365

ity for the case without breakage366

As discussed in Farmer et al. 31 , it is evident that the stability areas of the α and β polymorph367

(their boundaries are given in Figure 6 as the black lines) are accessible by choosing the368

residence time and feed concentration, i.e., the desired polymorph can be “dialed-in” in a369

targeted manner.370
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Figure 6: Feasible operating points for a single stage MSMPRC process in the (Φα, Φβ) plane
for the continuous crystallization of LGA from water at 25◦C. The green region encompassing
all operating points is limited by different upper and lower bounds set for the residence time
and feed concentration (see annotations). The blue dashed line indicates the movement in
the (Φα, Φβ) plane when increasing residence time at constant feed concentration; similarly,
the red dashed line shows the movement with increasing feed concentration at constant
residence time. The black solid lines are the boundaries of the different stability regions.

Apart from the polymorph that is obtained at steady state, further characteristics of the371

process and of the produced particles may, however, be important. To exemplify this, we372

will proceed to consider the mean size of the crystals obtained, the fractional recovery of373

the solute, as well as the process productivity obtained from every feasible operating point.374

These properties are readily calculated from the dimensionless quantities appearing in the375

process model. The equation for the volume-weighted mean size was already given above376
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(Eq. (18)). The fraction of product recovered, R, can be calculated from the dimensionless377

concentration at steady state and the operating parameters:378

R =
c0 − css
c0

=
(1− yss)(c0 − csat,β)

c0
(19)

where css is the steady state concentration in the crystallizer. Similarly, the productivity of379

the process (mass of crystals produced per process volume per time), P , can be calculated380

as:381

P =
c0 − css
τ

=
(1− yss)(c0 − csat,β)

τ
(20)

Focussing first on the case without breakage, we are reporting the average size and the382

fraction of product recovered, as well as the dimensionless average size and the dimensionless383

steady state concentration in Figure 7. Figure 7(a) shows the dimensionless average size384

(ω4,i/ω3,i) for every feasible combination of (Φα, Φβ), while Figure 7(b) shows the average385

size (µ4,i/µ3,i). Note that, due to the relationship detailed in Eq. (18), the dimensionless386

average size and the average size follow different trends when displayed in the (Φα, Φβ)387

plane. One can see from these figures that manufacturing small particles of the stable β388

polymorph is difficult with the average sizes that can be obtained from the process being in a389

relatively narrow interval of 550–750 µm. Furthermore, the smallest average sizes that can be390

obtained for the stable β polymorph are located close to the stability boundary. Since kinetic391

parameters are typically only known within certain confidence intervals61 and the operating392

conditions are only controlled to a certain precision, the position in the (Φα, Φβ) plane is393

subject to uncertainty. Aiming for (potentially desirable) small particles of the β polymorph394

in the process without breakage, i.e., operating close to the stability boundary, is therefore395

problematic. Conversely, the average sizes attainable for the α polymorph span a larger396

range (roughly between 200 and 600 µm). However, when considering the dimensionless397

concentration at steady state and the fraction of product recovery derived from it (Figure 7(c)398

and (d)), one can see that the smaller sizes are only accessible when the product recovery is399
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small (i.e., at small Φα values). This means that the stream exiting the crystallizer would400

still be considerably supersaturated, which would potentially lead to downstream processing401

problems (e.g., intergrowth of the crystals during isolation on a filtration unit). At larger Φi402

values, reasonable product recoveries of up to 80% are feasible. Note that the calculation of403

the fraction of product recovered is based on the crystalline product only, i.e., not including404

the solute molecules remaining in the mother liquor. A further increase of the fraction of405

product recovered would require recycling (part of) the mother liquor62,63. By combining406

the information of these figures, one can conclude that reasonable rates of product recovery407

are linked with large average particles sizes for the case without breakage.408

3.4.3 Analysis of polymorph stability, product recovery and process productiv-409

ity for the case with breakage410

We will now consider the average size (Lmean), fraction of product recovered (R) and the411

process productivity (P ) for the single stage MSMPRC process carried out in the presence412

of different breakage intensities; the relevant figures are displayed in Figure 8 (to facilitate a413

comparison, we have also included the figures for the case without breakage). In this figure,414

we have drawn the stability boundaries as black lines (solid for the case without breakage,415

dashed for the case with breakage). One can see that the line separating the region where the416

α polymorph is obtained from the region where the β polymorph shifts downwards and to the417

right in the (Φα,Φβ) plane; similarly to the cases discussed before (cf. Figure 4). While the418

boundary still falls within the feasible operating region for LGA at kb,iτ = 2.5, the boundary419

has been shifted outside the feasible region for the cases with higher breakage intensities.420

Therefore, this analysis indicates that at high breakage intensities only the β polymorph can421

be obtained, whatever the feed concentration and residence time selected from the feasible422

operating region. This finding is in good agreement with the experimental data reported in423

Köllges and Vetter 38 , where it was shown that the residence time and feed concentration424

range where the β polymorph can be obtained in a stable fashion was enlarged through the425
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(a) (b)

(c) (d)

Figure 7: Different product/process characteristics for a single stage MSMPRC operated
without milling depicted in the (Φα, Φβ) plane. Only results belonging to the feasible oper-
ating region of LGA crystallized from water at 25◦C are shown. (a) Dimensionless average
size (ω4,i/ω3,i), (b) average size (µ4,i/µ3,i), (c) dimensionless steady state concentration, (d)
product recovery. Note that no crystals are present in the region where Φα < 1 and Φβ < 1,
so that the mean sizes (panels (a) and (b)) are left blank in that region. As before, the α
polymorph is found at the dynamically stable steady state when Φα > Φβ (and vice versa)
for the remaining feasible operating points.

use of a suspension mill.426

Focussing now on the mean size (left panels in Figure 8), one can, unsurprisingly, see that427

smaller particle sizes become accessible for the β polymorph with increasing breakage in-428
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tensity (down to a few tens of microns). Conversely, this analysis also shows that small429

particles of the α polymorph cannot be obtained in this single MSMPRC process by intro-430

ducing breakage, because the stability boundary shifts out of the feasible operating region for431

LGA with increasing breakage intensity. That means that, if one operates at a steady state432

generating α particles and introduces breakage in order to decrease particle size, one actually433

induces a switch in polymorphism—one might obtain small particles in the end, but they434

would be of the β polymorph! We would also like to point out that there is a discontinuity435

in mean size obtained when crossing the stability boundary; this is most visible in panel (d),436

but also to a lesser degree in panel (a), which is consistent with earlier observations on the437

dimensionless mean size (cf. Figure 5).438

In the middle panels of Figure 8, one can see that the fraction of product recovered becomes439

higher in large swaths of the feasible region when increasing the breakage intensity. Though,440

the maximum value still lies at roughly 80% since the steady state concentration cannot fall441

below the solubility of the stable β polymorph. Trying to go beyond this thermodynamic442

limitation by tuning the operating conditions is a futile exercise. Recovering more of the443

solute would require operation at a lower temperature, in a different solvent, or would require444

introducing a means for mother liquor recycling62,63. Considering further the productivity of445

the process (right panels in Figure 8; note that the colorscale is logarithmic in this case), we446

can see that the process operated with breakage allows obtaining reasonable productivities447

for either polymorph as long as the operating point is chosen correctly. For the sake of448

making an example, to run the process at high productivity and high fraction of solute449

recovery, one could operate the process with feed concentration/residence time combinations450

that give Φα ≈ 6 and Φβ ≈ 4 (for LGA, this corresponds to residence times of a few hours451

and high feed concentrations, cf. Figure 6). By choosing the breakage intensity, one can then452

choose the polymorph obtained (e.g., increasing breakage intensity and moving from panels453

(e) and (f) to (h) and (i) yields a switch in polymorph obtained; either one can be obtained at454

reasonable values of productivity/recovery). Summarizing the contents of Figure 8, we can455
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conclude that the single MSMPRC process gains considerable flexibility when introducing456

breakage through a milling loop. As a result, new combinations of polymorph, mean size of457

particles, productivity and solvent recovery are enabled.458

4 Conclusions459

This paper presents a mathematical model for continuous crystallization processes involving460

wet milling and investigates the crystallization of polymorphic substances. Similar to earlier461

works targeting the elucidation of polymorphic behavior in continuous crystallizers (for cases462

of nucleation and growth only31 and for the case of nucleation, growth and agglomeration32),463

we have made the resulting population balance equations dimensionless. This led to a464

surprisingly small number of parameter groups (combinations of operating conditions and465

kinetic parameters) that control the polymorphic outcome of the process. Specifically, we466

have shown that introducing breakage (milling) to the process, the polymorph that breaks467

more readily can be obtained in a wider range of operating conditions (feed concentration,468

residence time) and have analyzed this behavior in detail. In contrast to the earlier works469

on this topic, we have also considered additional product/process properties of importance,470

namely the mean size of the crystals obtained, the fraction of solute recovered by the process471

and the process’ productivity. We have applied the concept to a model system (L-glutamic472

acid crystallized from water as a solvent) and have shown that the results obtained are in473

good agreement with earlier studies conducted without breakage28,31, as well as a recent474

study conducted with milling38.475

The parametric analysis of the single stage MSMPRC process presented here generates deep476

insight into the process behavior in terms of the features considered, i.e., polymorph gen-477

erated, mean size, recovery and productivity. We believe that such an in-depth process478

understanding represents a useful stepping stone towards possible future developments for479

the design of continuous crystallization processes producing polymorphic materials. For in-480
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stance, from our analysis, it is but a small step towards generating process alternatives that481

are (Pareto-)optimal in the characteristics considered; for example through the combina-482

tion of the attainable region methodology introduced earlier33,62,65 and appropriate multi-483

objective optimization algorithms. When doing so, potential gains available when moving484

towards multi-stage crystallization processes should be considered as well, while, of course,485

paying attention to the increased complexity that such processes carry with them.486
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 8: Volume-weighted mean size (left panels), fraction of solute recovered (middle
panels), and process productivity (right panels) for every feasible operating point in the
(Φα,Φβ) plane for the model system LGA crystallized from water . The breakage intensity
chosen to generate the figures increases from the top row to the bottom row (as indicated in
each panel). The black lines represent the stability boundaries (only present in the first two
rows; in the third and fourth row these boundaries would lie outside the region of feasible
operating points). Note that the colorscale for productivity64 is logarithmic.
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Notation487

Roman Letters488

fi number density of polymorph i (per volume of suspension) [m−4]

fseed,i number density of the seed crystals for polymorph i (per vol-

ume of suspension)

[m−4]

L particle length [m]

xi dimensionless crystal size of polymorph i [–]

Gi growth rate of polymorph i [m s−1]

kg,i rate constant in growth rate expression for polymorph i [m s−1]

gi exponents in power law expression for growth [–]

Ji nucleation reate of polymorph i [# m−3s−1]

kn,i rate constant in nucleation rate expression for polymorph i [# m−2s−1]

ni exponents in power law expression for nucleation [–]

Ki breakage rate of polymorph i [s−1]

kb,i brekage rate prefactor [s−1]

bi exponents in power law expression for breakage rate [–]

L0,i scaling factor for partice length [m]

di daughter distribution of polymorph i [m−1]

qi constant in the daughter distribution [–]

kv,i volumetric shape factor for polymorph i [-]

t time [s]

c0 inlet solute concentration [kg m−3 water]

csat,i solubility of polymorph i [kg m−3 water]

c solute concentration [kg m−3 water]

css steady state concentration [kg m−3 water]

Dai modified Damköhler numbers of polymorph i [–]
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hi dimensionless number density distribution of polymorph i [–]

y dimensionless concentration [–]

Greek Letters489

Φi dimensionless stability group of polymorph i [–]

λ size of parent particle [m]

ρi crystal density of polymorph i [kg m−3]

τ residence time [s]

ξ dimensionless time [–]

γ parameter that quantifies the solubility difference between two

polymorphs

[–]

µj,i jth moment of the number density of polymorph i [mj−3]

ωj,i jth moment of the dimensionless number density of poly-

morph i

[–]

Abbreviations490

MSMPRC mixed suspension, mixed product removal crystallizer491

LGA L-glutamic acid492

PBE population balance equation493
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