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Abstract: Bioelectrical signals are often pulse-shaped with
superimposed interference signals. In this context, accurate
identification of features such as pulse onsets, peaks, ampli-
tudes, and duration is a frequent problem. In this paper, we
present a versatile method of rather low computational com-
plexity to robustly identify such features in real-world signals.
For that, we take use of two straight-line models fit to the
observations by minimizing a quadratic cost term, and then
identify desired features by tweaked likelihood measures. To
demonstrate the idea and facilitate access to the method, we
provide examples from the field of cardiology.

Keywords: linear state space models, recursive least squares,
likelihood, feature extraction, onset detection, ecg waves

1 Introduction

Robust detection of features such as onsets, peaks, or duration
of pulses in noisy bioelectrical signals are essential tasks that
have not yet definitely been solved. Well-known examples for
these kind of problems are the identification of electrocardio-
graphy (ECG) wave characteristics such as QRS, P, and T
waves [1–4].

In this paper, we propose a different approach based on
squared error optimization and recursively computed signal
models: we use two straight-line models, which are fit to the
observations in a recursive least squares manner using au-
tonomous linear state space models [5].
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Fig. 1: Illustration of a Two-Sided Line Model (TSLM), as in (19), fit

to noisy observations around time index k0. The two-sided expo-

nentially decaying window (upper plot) localizes the fit to the range

k0+a to k0+b. The left line segment of the TSLM (black line, lower

plot) approximates the observations from k0+a to k0−1, with line

offset a0 and slope a1; the right line segment of the TSLM (blue

line) fits from k0 to k0+b, with b0 and b1 accordingly.

2 ALSSMs as Signal Models

We use discrete-time Autonomous Linear State Space Models
(ALSSMs) to generate generic straight line models. ALSSMs
are defined recursively as

xj+1 = Axj (1)

sj = cxj (2)

with transition matrix A ∈ R
N×N , output vector c ∈ R

1×N ,
output sj ∈ R, state vector xj ∈ R

N , and initialized at index
j = 0 by initial state x0, subsequently simply denoted as x.
This often leads to efficiently computable quadratic cost terms.

Such ALSSMs can generate a wide field of signal shapes
[5]. However, here we use solely straight lines. To generate a
line of offset a0 and slope a1, we introduce the ALSSM of
order N = 2 of configuration

A =

[
1 1

0 1

]
, c =

[
1 0

]
, (3)

with initial state

x =
[
a0 a1

]T
∈ R

2 . (4)

Substituting (1) in (2) and using the ALSSM as in (3) leads to
the closed form of the straight-line model, with x as in (4),

sj(x) = cAjx = a0 + a1j ∈ R . (5)
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To now locally fit such a line model to an observed signal
vector y ∈ R

K , K ∈ N, over the interval {k+a, . . . , k+b},
a, b ∈ Z, a < b, we need to minimize the quadratic cost

Jb
a(x, γ, k) �

k+b∑
i=k+a

γi−k[yi − si−k(x)
]2 ∈ R+ . (6)

Parameter γ ∈ R introduces an exponential decay to the ap-
plied window located around k. This is an additional design
parameter, summarized in Tab. 1, which is essential for numer-
ical stability in recursive computations such as we introduce
later. The optimal state x̂k (holding a0 and a1) minimizing the
quadratic cost (6) is, in accordance to [5],

x̂k = argmin
x

k+b∑
i=k+a

γi−k[yi − si−k(x)
]2 (7)

= argmin
x

[
xTWkx− 2xTξk + κk

]
(8)

= W−1
k ξk (9)

with the substitutes

κk =
∑k+b

i=k+aγ
i−ky2i ∈ R (10)

ξk =
∑k+b

i=k+aγ
i−k(AT)i−k

cTyi ∈ R
N (11)

Wk =
∑k+b

i=k+aγ
i−k(AT)i−k

cTcAi−k ∈ R
N×N . (12)

From [5], we know that recursive computation rules exist
for (10) to (12): The forward recursion k → k+1 is

κk+1 = γ−1κk − γa−1y2k+a + γby2k+b+1 (13)

ξk+1 = γ−1A−Tξk − γa−1(Aa−1)TcTyk+a

+γb
(
Ab)TcTyk+b+1 (14)

Wk+1 = γ−1A−TWkA
−1 − γa−1(Aa−1)TcTcAa−1

+γb
(
Ab)TcTcAb , (15)

or alternatively, the backward recursions k → k−1 is

κk−1 = γκk + γay2k+a−1 − γb+1y2k+b (16)

ξk−1 = γATξk + γa
(
Aa)TcTyk+a−1

−γb+1(Ab+1)TcTyk+b (17)

Wk−1 = γATWkA+ γa
(
Aa)TcTcAa

−γb+1(Ab+1)TcTcAb+1 . (18)

3 Two-Sided Straight Line Model
Over the years of working with bioelectrical signals, it has
become evident that a Two-Sided Line Model (TSLM) in a
squared error framework is a versatile tool for detecting vari-
ous types of change points in observed signals. Such change
points include: changes in signal slopes, jumps, pulse onsets,
pulse endings. Our TSLMs are composed of two lines, both as
introduced in (5). The left line segment points from a reference

Tab. 1: Infinite and finite windows with exponential decay.

γ�, γr ∈ R; a, b ∈ Z Left Segment Right Segment

Infinite Support Window
a → −∞, γ� > 1.0

b → +∞, γr < 1.0

γi−k
�

k−1

1

−∞

γi−k
r

k

1

+∞

Finite Support Window
a ≤ −1, γ� > 1.0

b ≥ 0, γr < 1.0

1γi−k
�

k−1k+a

γi−k
r

k k+b

1

Rectangular Window1

a ≤ −1, γ� = 1.0 + ε

b ≥ 0, γr = 1.0− ε

(ε ≈ 0.00001 . . . 0.01)

γi−k
�

k−1k+a

1
γi−k
r

k k+b

1

1 Rectangular windows are an important special case of Finite Support
Windows. Note that ε is essential for numerical stability.

index k to the left, i.e., from k+a to k−1 (with a ≤ −1), and
the right line points from the same index k to the right, i.e.,
from k to k+b (with b ≥ 0). Figure 1 illustrates this arrange-
ment. So, the cost term to fit a TSLM to an observed signal y
at reference index k is

J̃
([

x�

xr

]
, k

)
� J−1

a (x�, γ�, k) + Jb
0(xr, γr, k) (19)

with the independent states for the left- and right-sided model

x� =
[
a0

a1

]
∈ R

2 , xr =
[
b0
b1

]
∈ R

2 (20)

where a0 and a1 are offset and slope of the left-sided line seg-
ment, and b0 and b1 offset and slope of the right-sided line
segment, respectively, see Fig. 1.

The estimates of the four independent states then are

x̂� = argmin
x�

J−1
a (x�, γ�, k) (21)

x̂r = argmin
xr

Jb
0(xr, γr, k) , (22)

with closed form solution (9). An example fit is also illustrated
in Fig. 1.

We note that the two line segments are not necessar-
ily continuous, since x̂� and x̂r are estimated independently.
However, to force continuity of the two line segments, we in-
troduce a linear constraint of the general form[

x�

xr

]
= Hv ∈ R

4 (23)

to the states with constraint matrix H ∈ R
4×M and indepen-

dent states v ∈ R
M , M ≤ 4. (M here denotes the number of

remaining independent states to be estimated.)
For example, to force continuity in the two lines, i.e., a0 =

b0, we introduce a linear constraint (23),

[
x�

xr

]
= Hv =

⎡⎢⎣ 1 0 0
0 1 0
1 0 0
0 0 1

⎤⎥⎦
︸ ︷︷ ︸

H

[
a0
a1
b1

]
︸ ︷︷ ︸

v

. (24)
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Tab. 2: Useful linear constraints for TSLMs.

a0, a1, b0, b1 ∈ R H ∈ R
N×M Example

"Free"
(Unconstrained)

⎡
⎢⎣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎦

b0
a0

b1
a1

"Continuous"
a0 = b0

⎡
⎢⎣
1 0 0
0 1 0
1 0 0
0 0 1

⎤
⎥⎦ a0 = b0

"Straight"
a0 = b0
a1 = b1

⎡
⎢⎣
1 0
0 1
1 0
0 1

⎤
⎥⎦ a0 = b0

a1 = b1

"Horizontal"
a0 = b0
a1 = b1 = 0

⎡
⎢⎣
1
0
1
0

⎤
⎥⎦

a1 = 0 b1 = 0

"Left Horizontal"
a0 = b0
a1 = 0

⎡
⎢⎣
1 0
0 0
1 0
0 1

⎤
⎥⎦ a0 = b0

a1 = 0

"Right Horizontal"
a0 = b0
a1 = 0

⎡
⎢⎣
1 0
0 1
1 0
0 0

⎤
⎥⎦ a0 = b0

b1 = 0

"Peak"
a0 = b0
a1 = −b1

⎡
⎢⎣
1 0
0 1
1 0
0 −1

⎤
⎥⎦ a0 = b0

b1 = −a1a1

"Step"
a1 = b1 = 0

(Δ = b0 − a0)

⎡
⎢⎣
1 0
0 0
0 1
0 0

⎤
⎥⎦

a1 = 0

b1 = 0

Δ

Vector v ∈ R
3 holds the M remaining independent variables

a0, a1, and b1, while b0 is bound to a0. This and further exam-
ples of common linear constraints are summarized in Tab. 2.

To minimize the cost (19) with respect to such constraints,
we first reparametrize (19), in analogy to (8), as

J̃
([

x�

xr

]
,k
)
=
(
xT�

−→
Wkx�−2xT�

−→
ξk+

−→κk
)
+
(
xTr

←−
Wkxr−2xTr

←−
ξk+

←−κk
)

=
([

x�

xr

]T
W̃k

[
x�

xr

])
−2

[
x�

xr

]T
ξ̃k+(−→κ +←−κ ) (25)

with

ξ̃k =

[−→
ξk
←−
ξk

]
∈ R

4×1 , W̃k =

[−→
Wk 0

0
←−
Wk

]
∈ R

4×4 , (26)

and with
−→
ξk and

−→
Wk corresponding to (14) and (15) from the

left side segment, and
←−
ξk and

←−
Wk (17) and (18) from the right

side segment, accordingly. To minimize (25) with respect to
the constraint (23), we first substitute (23) in (25), leading to

the optimum solution

v̂k = (HTW̃kH)−1HTξ̃k ∈ R
M , (27)

and finally again to the full state vectors[
x̂�

x̂r

]
k
= Hv̂k ∈ R

4 . (28)

The full derivation of (27) is given in [5].

4 Log-Cost Ratio (LCR)
We use log-cost ratios (LCRs) to robustly detect events. A cost
ratio is the counterpart to a likelihood measure in statistics,
which measures the likelihood of two alternative hypotheses
[6]. Therefore, we compare two alternative costs (25) with dis-
tinct constraints: a desired hypothesis J̃(H1v, k) versus an al-
ternative or null hypothesis J̃(H0v, k). We consider the ratio

LCRk = −1

2
log

min
v

J̃(H1v, k)

min
v

J̃(H0v, k)
∈ R . (29)

The log-scale in (29) is also borrowed from statistics and
leads to a better readability when displayed graphically, while
preserving minima and maxima values. Finally, LCRk peaks
whenever the desired hypothesis and its associated event have
maximum local likelihood. Figure 2 shows an example of a
likelihood measure detecting edges in a signal.

5 Examples
5.1 Basic Detection Example
A trivial first example illustrates the detection of edges using
a TSLM, weighting the two options of a "Continuous" ver-
sus a "Straight" line (cf. Tab. 2) in a LCR term, see Fig. 2.
For this example, the following TSLM parameters apply:
Task Left Segment Right Segment Log-Cost Ratio

Edge γ� = 1.01

a = −200

γr = 1/γ� = 0.99

b = −a− 1 = 199

H1 : "Continuous"
H0 : "Straight"

0

5
y−→s i−k(x̂�)←−s i−k(x̂r)
si−k(H0v̂)

0

50 J̃(H1v̂)
J̃(H0v̂)

0 500 1000 1500 2000 2500 3000
0

1 LCR

Fig. 2: Upper plot: TSLM (black/blue) and synthetic noisy signal

(gray line) with abrupt changes in slope. Center plot: squared error

cost of the desired hypothesis "Continuous" TSLM (solid black)

and alternative hypothesis "Straight" TSLM (dashed). Bottom plot:

LCR weighting the two hypotheses against each other, cf. Ex. 5.1.
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y
−→s i−k(x̂�)
←−s i−k(x̂r)
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0

1 LCR

(s)

Fig. 3: Upper plot: arterial blood pressure signal recorded at fs =

600Hz. Lower plot: LCR value with marked peaks, indicating the

detected dicrotic notches (blue triangles), cf. Ex. 5.2.

5.2 Dicrotic Notch Detection in ABP

Arterial blood pressure (ABP) signals usually show a dicrotic
notch in the decreasing slope which are considered as the end
of a systolic cycle, cf. Fig. 3. To detect these notches, we use a
TSLM model with the following parameters (at fs = 600Hz):

Task Left Segment Right Segment Log-Cost Ratio

Notch γ� = 1.01

a = −30

γr = 1/γ� = 0.99

b = 100

H1 : "Left Horizontal"
H0 : "Straight"

Figure 3 shows the resulting LCR with the detection result.

5.3 P and T Wave Detection in ECG

Another common task in cardiology is to accurately measure
onsets and peaks of P and T waves in the electrocardiog-
raphy (ECG) signals. To robustly extract these features, we
parametrize our TSLMs as follows (at fs = 500Hz):

Task Left Segment Right Segment Log-Cost Ratio

Onset γ� = 1.01

a = −80

γr = 1/γ� = 0.99

b = 40

H1 : "Left Horizontal"
H0 : "Horizontal"

Peak γ� = 1.01

a = −45

γr = 1/γ� = 0.99

b = −a− 1 = 44

H1 : "Peak"
H0 : "Horizontal"

Figure 4 illustrates the method applied on an ECG sequence.

(a)

0

1
y−→s i−k(x̂�)←−s i−k(x̂r)

0

2
LCR

(b)

0

1
y−→s i−k(x̂�)←−s i−k(x̂r)

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0

2
LCR

(s)

Fig. 4: The figure shows robust detection of (a) P wave onsets,

and (b) P and T wave peaks, both in a noisy ECG signal recorded

at sampling rate fs = 500Hz, cf. Ex. 5.3. To demonstrate the

robustness of the method, artificial white Gaussian noise is added

to the ECG after t = 2.2 s.

6 Conclusion & Final Remarks
We have presented a simple, yet powerful method for detecting
features in pulse-shaped signals, such as bioelectrical record-
ings. The methods have proven to be useful and flexible in
various clinical projects in recent years, especially in devices
where extensive computing power is not available.

In the examples presented, the parameters of the TSLMs
were intuitively selected. The features of interest were local-
ized by identifying local maxima in the LCR (after specifying
a minimum value and distance for valid LCR peaks to roughly
filter out invalid detections). However, to avoid false detections
and increase robustness of the algorithms, in practice it is ad-
vantageous use a smaller search window synchronized by an
easily detectable feature (e.g., by systolic peaks or the QRS).
For the sake of simplicity, we have avoided this enhancement
in our presented examples.

The source code for all example is available online [7].
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